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Chapter 1

Introduction and preliminaries

1.1 Overview

1.1.1 Objectives

The area of connectivity problems is one of the areas of graph theory that have both
considerable theoretical interest and an important range of practical applications. The
mathematical notion of connectivity appears naturally for example in the design of telecom-
munication networks and in VLSI design. As these technologies develop at a fast rate and
require the solution of more and more complex optimization problems, there is a growing
interest in the corresponding mathematical concepts and algorithms. At the same time,
these mathematical concepts are interesting in their own right, leading to deep and beau-
tiful structural results. Graph connectivity, and in particular graph edge-connectivity is
therefore a well-studied area of both theoretical and applied mathematics.

Hypergraphs are a natural generalization of graphs, and many models in telecommuni-
cation and networking make use of this more general notion. In this light the extension
of connectivity problems to hypergraphs is a plausible step. This area is less intensively
studied than graph connectivity, recent result show however that some deep and elegant
generalizations of graph results can be obtained, sometimes by novel mathematical meth-
ods.

In this thesis we discuss problems that are related to the edge-connectivity of hyper-
graphs. An intuitive description of edge-connectivity problems is that they concern the
robustness of networks with respect to the failure of (hyper)edges, in contrast to vertex-
connectivity problems, where the failure of nodes is also considered.

The aim of the thesis is twofold: on one hand, to extend the techniques used in graph

edge-connectivity (for example the splitting-off technique, or exploitation of relations be-
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8 Chapter 1. Introduction and preliminaries

tween undirected and directed graphs) to hypergraphs, and on the other hand, to present
a framework for combining connectivity augmentation and orientation problems. Both
of these themes are addressed with a strong emphasis on the role of submodularity and
related properties intrinsic to the structure of these problems.

The understanding of the links to submodularity provides an important tool for obtaining
structural descriptions and min-max theorems for the different variants of edge-connectivity
properties for graphs, hypergraphs and directed hypergraphs. Moreover, the well-known
algorithmic properties of submodular systems imply that efficient algorithms can be con-
structed based on the structural results. The precise analysis and optimization of these
algorithms is beyond the scope of the thesis, usually only the existence of polynomial time
algorithms will be stated.

There is a lot of ongoing research in the field, most of which is not addressed here in
detail (for example the very interesting class of problems featuring both connectivity and
parity), so the thesis is by no means a comprehensive survey. Rather, it intends to provide
a concise account of connections and structural relations concerning a well-defined class
of problems. This includes several new results on hypergraph edge-connectivity, some of

which are interesting even when specialized to graphs.

1.1.2 Edge-connectivity — brief history

The most basic properties of edge-connectivity were established by different versions of
Menger’s classical theorem on the relation between cuts and edge-disjoint paths, and by
the concept of network flows [21]. Important structural results were obtained by Gomory
and Hu [42] and Edmonds [I6]. Another significant contribution to the development of the
field was the study of packings and coverings by trees, where the fundamental results are
due to Tutte [70] and Nash-Williams [63]. Analogous theorems for directed graphs were
established by Edmonds [T4].

These areas are closely linked to the theory of matroids and submodular functions.
We do not give a detailed account of the many fundamental results on submodularity by
Edmonds, Lovdsz and others; for a concise bibliography see [26]. Efficient frameworks
for dealing with connectivity problems in the context of submodularity were given for
example in [28] and [66]. One notion of particular importance is that of submodular flows,
introduced by Edmonds and Giles [[7], which is the most popular general algorithmic
framework featuring submodular functions.

One major development of the research going on in the field was the successful work
on edge-connectivity augmentation problems. Initial results were obtained by Eswaran

and Tarjan [I8], and Plesnik [64]. Fundamental deep results were due to Lovész [53]
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and Mader ([b8], [69]) on the splitting-off operation and to Watanabe and Nakamura
[71] who solved the problem of augmenting a graph with minimal number of edges to
make it k-edge-connected. Frank [29] showed how strongly polynomial algorithms can
be designed with the help of the splitting-off operation. Recently, the research on edge-
connectivity of hypergraphs has also started to gain ground. We give a detailed account
on the developments in this direction in Chapter B.

Another branch of edge-connectivity problems concerns the orientation of graphs. It was
Robbins [64] who first considered the problem of finding orientations of graphs with certain
connectivity properties. One of the fundamental results of the area is Nash-Williams’
beautiful result on well-balanced orientations of graphs [61]. Frank [22] obtained important
results on orientation problems that can be formulated using supermodular functions, and
he showed how submodular flows can be used for this purpose [23].

An essential concern in relation to these problems is the construction of efficient algo-
rithms. A lot of the above results yield polynomial algorithms, but often they are too
cumbersome for practical purposes. There have been a lot of work on finding more efficient
algorithms, for example by Gabow [3Y] and Benczir [6].

The algorithmic aspect is particularly important because of the wide range of real-world
applications. In telecommunications and informatics, guaranteeing the stability and ro-
bustness of networks leads to problems that can be modeled by some variation of graph or
hypergraph connectivity. Of course, these problems are usually much more complex than
the relatively simple formulations for which elegant mathematical structural characteriza-
tions exist, and in most cases they are NP-hard; but the algorithms and characterizations
for the simple models can often be used as building blocks in approximate solutions for the

real-world problems.

1.1.3 Structure of the thesis

The rest of this chapter contains preliminaries on notations and some fundamental results.
First we present the different variants of edge-connectivity for graphs and digraphs. This
is followed by a brief exposition of connectivity for hypergraphs, and the introduction of
directed hypergraphs as a generalization of directed graphs. Finally, some definitions are
given concerning families of sets, which will be used throughout the thesis in the proofs
and in the formulation of min-max results.

In Chapter ] we review results on submodular and supermodular functions that will be
basic tools later in the thesis. Most characteristics are presented from a polyhedral point of
view, and we discuss possible relaxations of submodularity that preserve these polyhedral

characteristics. The section on relaxations contains some new results in this respect.
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Chapter B is devoted to edge-connectivity augmentation problems. After a brief account
of the state of the art for graphs, we present how augmentation problems can be extended to
hypergraphs in different ways depending on the objective to be attained. These extensions
differ in difficulty, and we cite an NP-completeness result to indicate that some problems
are considerably more difficult than their graph counterpart. The main result of the chapter
(based on [61]) concerns the construction of uniform hypergraphs covering given symmetric
crossing supermodular set functions. This problem includes as a special case the k-edge-

connectivity augmentation of hypergraphs by uniform hyperedges.

As a generalization of digraph augmentation problems, Chapter @l discusses connectivity
augmentation of directed hypergraphs, or in more general terms, covering crossing su-
permodular functions by directed hypergraphs (based on [62]). As in the undirected case,
different objectives can be specified, and extensions of digraph augmentation can be formu-
lated for many problems, including (k,[)-edge-connectivity augmentation. The main tool
used here is a slight generalization of a splitting-off result of Berg, Jackson, and Jordan
(@], which enables us to extend their results on k-edge-connectivity augmentation to more

general connectivity requirements..

As it was already mentioned, submodularity and matroid theory plays an important
role in the description of edge-connectivity problems. The most obvious link is between
partition-connectivity and the circuit matroid of graphs. In Chapter B, which presents the
results in [37], we analyze some properties of the so-called hypergraphic matroid, introduced
by Lorea [564], which is a direct generalization of the circuit matroid of graphs. This leads to
a new type of connectivity notion for hypergraphs, generalizing (k, [)-partition-connectivity
of graphs, and the matroid-theoretic approach gives an insight into its structural properties.
At the end of the chapter it is shown how these results can be applied to the problem of
finding disjoint Steiner trees of graphs.

After discussing connectivity properties of directed and undirected hypergraphs, it is
natural to consider the possible extension of graph orientation problems related to connec-
tivity. Chapter B starts with an account of graph orientation results, and the link between
partition-connectivity of graphs and edge-connectivity of digraphs. Then we examine how
the basic orientation results can be extended to hypergraphs, and we present some results
on local requirements which are new even when they are specialized to graphs. Using these
techniques, a link is established between (k,[)-partition-connectivity of hypergraphs and
(k,1)-edge-connectivity of directed hypergraphs. The chapter also includes a new proof and
an extension of a very interesting result of Khanna, Naor, and Shepherd [60] on network

design with orientation constraints. The new results of the chapter appeared in [36].

Using the links established between undirected and directed connectivity problems,
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Chapter [ examines a possibility for combining connectivity augmentation and orienta-
tion problems. In view of characterizations for graphs and hypergraphs that have an
orientation covering certain set functions, it can be asked how many (hyper)edges must be
added to an initial (hyper)graph to have such an orientation. This problem includes as a
special case the (k,[)-partition-connectivity augmentation of graphs and hypergraphs. The
theorems presented here are from [35] and [52]. In addition, some results are extended to

mixed hypergraphs, where the characterizations are much more complicated.

1.2 Edge-connectivity and orientation of graphs

In the following pages we introduce the basic notions and notations that will be used
throughout the thesis. We assume that the reader is familiar with the basics of graph
theory, but for sake of clarity the fundamentals of graph connectivity and orientation are

presented in some detail.

1.2.1 Undirected and directed graphs

We use the notation Z, (Q4, R.) for the set of non-negative integer (rational, real) num-
bers. For x € R, (z)* denotes max{z,0}.

Let V be a finite ground set. For subsets X and Y of V', we use the notation X — Y :=
{veX: vé¢Y} ForanodeyeV, wewrite X —y:=X —{y} and X +y := X U{y}.
The characteristic function of a set X will be denoted by xx : V' — {0;1}, i.e. xx(v) =1
if v € X and xx(v) = 0 otherwise.

A graph G = (V, E) or a directed graph D = (V, A) (digraph for short) is allowed to
have loops and parallel edges unless otherwise stated. For an edge a of a digraph we write
a = uv if u is the tail-node of a and v is the head-node.

The degree of a node v € V in G is denoted by dg(v), while op(v) denotes the in-degree
of v in D and dp(v) is the out-degree. An edge in G or D is induced by a set X C V if
both of its endnodes are in X. An edge e of G enters X if exactly one of its endnodes is in
X, while an edge a € A enters X if its head-node is in X but its tail-node is not. For a set
X CV, we define Ag(X) ={ec E: eenters X}, Aj(X) ={a€ A: aenters X}, and
AL (X)={a € A:aenters V — X}. The notations for the cardinalities of these edge-sets
are: dg(X) :=|Ag(X)|, op(X) := |AL(X)|, and dp(X) = |AL(X)]. The number of edges
of G (or D) induced by a set X C V is denoted by ic(X) (or ip(X)). Sometimes we will
indicate the edge set in the subscript, i.e. ig(X), dg(X), 0a(X), etc.

The underlying graph of a directed graph D = (V, A) is obtained by replacing each
directed edge uv € A by the undirected edge uv. An orientation of a graph G = (V| E) is
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a directed graph D = (V, A) whose underlying graph is G.
A set function is a function p : 2¥ — Q U {—o0,+00} (sometimes the set function
is defined only on a given family of subsets of V). It is assumed that p(()) = 0, unless

otherwise stated. For a function m : V' — Q and a set X C V', we use the notation

m(X) := Z m(v).

veX

A graph G is said to cover a set function p if dg(X) > p(X) for every X C V. Anal-
ogously, a digraph D covers p if op(X) > p(X) for every X C V. Given a function
m : V. — Z,, the graph G satisfies the degree-specification m if dg(v) = m(v) for every
v € V. If we have an in-degree specification m; : V — Z, and an out-degree specifica-
tion m, : V' — Z,, the digraph D satisfies the degree-specifications if op(v) = m;(v) and
dp(v) = my,(v) for every v € V.

In optimization problems we often consider a cost function ¢ : E — Q on the edges of
the graph (G =V, FE) or ¢: A — Q on the edges of a digraph D = (V, A). A cost function
on F is said to be node induced if ¢(uv) = /(u) + ¢ (v) where ¢ : V' — Q is a cost function
on the nodes. Similarly, a cost function ¢ on A is node induced if c¢(uv) = ¢, (u) + ;(v)

where ¢} : V' — Q and ¢, : V' — Q are cost functions on the nodes.

1.2.2 The notion of edge-connectivity

For two nodes s € V and t € V, a set X C V is called an st-set if s ¢ X and t € X.
Description of undirected and directed edge-connectivity is based on the following versions

of Menger’s Theorem (see e.g. [21]):

Theorem 1.1 (Menger). Let G = (V, E) be a graph, and s,t € V distinct nodes. The

maximum number of edge-disjoint paths between s and t is

min{dg(X): X CV is an St-set}.

Theorem 1.2 (Menger). Let D = (V, A) be a digraph, and s,t € V distinct nodes. The

mazimum number of edge-disjoint directed paths from s to t is
min{op(X): X CV is an st-set}.

We use the notation Ag(s,t) for the maximum number of edge-disjoint paths between s
and t in G, and Ap(s,t) for the maximum number of edge-disjoint directed paths from s
to t in D. These values are called the local edge-connectivity between s and ¢ (from s to t).

The fact that the global edge-connectivity of a graph is high can be formulated in different

ways:
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Proposition 1.3. For a graph G = (V,E) and a positive integer k, the following are

equivalent:

(1) Aa(u,v) > k for every pair u,v € V' of distinct nodes.

(i1) de(X) > k holds for every non-empty proper subset X of V.
(i1i) To dismantle the graph into 2 components, one needs to delete at least k edges.
(iv) The graph remains connected if we delete k — 1 edges.

A graph G is called k-edge-connected (in short, k-ec) if the above hold for G. Thanks
to the equivalent characterizations, there are different perspectives from which the edge-
connectivity of a graph can be viewed, and these will lead us later to different kinds of
extensions of the notion.

Sometimes edge-disjoint paths are required only between nodes of a specified subset.
Given S C V', a graph G is called k-edge-connected in S if there are at least k edge-disjoint
paths in G between any two distinct nodes in S. We say that a set X separates a set S if
SNX # 0 and S— X # (). It follows from Theorem [[.T that a graph G is k-edge-connected
in S if and only if dg(X) > k for every X C V that separates S.

The k-edge-connectivity of digraphs can be defined along similar lines as the undirected

case.

Proposition 1.4. For a digraph D = (V, A) and a positive integer k, the following are
equivalent:

(1) Ap(u,v) >k for every pair u,v € V of distinct nodes.
(i1) op(X) > k holds for every non-empty proper subset X of V.
(i1i) The digraph remains strongly connected if we delete k — 1 edges.
A digraph D is called k-edge-connected if it has the above properties. Given S, T C V/,

D is called k-edge-connected from S to T'if Ap(s,t) > k for every distinct s € S and t € T..

1.2.3 Trees and arborescences

Some special subgraphs of graphs and digraphs have an obvious relation to connectivity.
We consider trees contained in graphs, and arborescences contained in digraphs, where
a digraph D’ = (V, A') is called an arborescence rooted at s if it is a directed tree and

op'(v) = 1 for every v € V — s. It is obvious that a graph is connected if and only if it
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contains a spanning tree, and a digraph is strongly connected if and only if it contains a
spanning arborescence rooted at s for every s € V.

Given a graph G = (V, E) and a subset W C V| a subtree G' = (V', E’) of G is called
a Steiner tree for W if W C V’'. A graph is connected in W if and only if it contains a
Steiner tree for W.

In [[70] Tutte investigated the problem of decomposing a graph into a given number
of connected spanning subgraphs, which is equivalent to finding a given number of edge-

disjoint spanning trees of G. He proved the following fundamental result:

Theorem 1.5 (Tutte). An undirected graph G = (V, E) contains k edge-disjoint span-

ning trees (or G can be decomposed into k connected spanning subgraphs) if and only if
ea(F) 2 k(|F] = 1) (1.1)

holds for every partition F of V into non-empty subsets, where eq(F) denotes the number

of edges connecting distinct members of F.

Note that given a graph G = (V, E) and a subset W C V| it is NP-complete to decide
whether GG contains k edge-disjoint Steiner trees for W. This problem will be discussed in
greater detail in Chapter f.

The following result of Nash-Williams [63] is in some sense a complementary pair of

Tutte’s theorem:

Theorem 1.6 (Nash-Williams). A graph G can be covered by k forests if and only if
ic(X) < k(|X| —1) for every non-empty subset X of V.

For digraphs, the following result of Edmonds [[4] is an analogue of Tutte’s theorem:

Theorem 1.7 (Edmonds). Let D = (V, A) be a digraph, s € V' a fized root node. Then

D contains k edge-disjoint spanning arborescences rooted at s if and only if
op(X) >k foreveryd#X CV —s.
In fact, Edmonds stated the result in a more general form:

Theorem 1.8 (Edmonds). Let D = (V, A) be a digraph, and S,...,Sy subsets of V;
for X CV, let f(X) denote the number of sets S; not disjoint from X. Then D can be
decomposed into directed subgraphs D+, ..., Dy such that D; is connected from S; if and

only if

op(X) 2 k= f(X) for every 0 # X C V.



Section 1.2. Edge-connectivity and orientation of graphs 15

1.2.4 Partition-connectivity and rooted connectivity

As it was indicated in the Overview, we consider different variants of edge-connectivity
in the thesis. Here we introduce connectivity properties that depend on the edge-disjoint

spanning trees and arborescences contained in a (di)graph.

Proposition 1.9. Given a graph G = (V, E) and a positive integer k, the following are
equivalent by Theorem [I.3:

(i) G can be decomposed into k edge-disjoint connected spanning subgraphs.
(i) G contains k edge-disjoint spanning trees.

(111) To dismantle G into t + 1 components for some t, one needs to delete at least kt

edges.
(v) eq(F) > k(|F| —1) holds for every partition F of V.

A graph G is called k-partition-connected if it has the above properties. Note that G
is 1-partition-connected if and only if it is connected. A k-partition-connected graph is
always k-edge-connected, but the converse is generally not true.

The following is a common generalization of edge-connectivity and partition-connectivity.
A graph is called (k, 1)-partition-connected for positive integers k, [ if it remains k-partition-
connected after the deletion of any [ edges. Equivalently, eq(F) > k(|F| — 1) + [ holds
for every nontrivial partition F of V. Obviously G is k-partition-connected if and only
if it is (k,0)-partition-connected. Simple calculation shows that for £ < [, a graph G is
(k,l)-partition-connected if and only if it is (k 4 [)-edge-connected.

As for digraphs, the following is true by Theorem [.7:

Proposition 1.10. Given a digraph D = (V, A), a fized root node s, and a positive integer

k, the following are equivalent:

(i) D can be decomposed into k edge-disjoint spanning sub-digraphs that are connected

from s.
(i) D contains k edge-disjoint spanning arborescences rooted at s.
(111) There are k edge-disjoint paths from s to any other node.

(iv) op(X) >k for every non-empty subset X of V — s.
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A digraph D is called k-rooted-connected from root s if it has the above properties. It
is easy to see that a graph G has a k-rooted-connected orientation from a given node
s if and only if it is k-partition-connected. Indeed, if G is k-partition-connected, then
by Proposition [[.9 it contains k£ edge-disjoint spanning trees, which can be oriented so
as to obtain k edge-disjoint arborescences rooted at s. Conversely, if D is a k-rooted-
connected orientation of G, then by Proposition [[.LIJ it contains k edge-disjoint spanning
arborescences, thus GG contains k edge-disjoint spanning trees.

A common generalization of k-edge-connectivity and k-rooted-connectivity of digraphs
can be formulated easily. Given a fixed root node s and positive integers k, [, a digraph D
is called (k,[)-edge-connected from root s if it contains k edge-disjoint paths from s to any
other node, and [ edge-disjoint paths to s from any other node. Equivalently, op(X) > k
for every non-empty subset X of V' — s, and op(X) > [ for every proper subset X of V
containing s. Obviously (k, k)-edge-connectivity corresponds to k-edge-connectivity, while
(k,0)-edge-connectivity corresponds to k-rooted-connectivity.

It should be noted that a graph G has a (k,)-edge-connected orientation from a given
root s if and only if it has a (k,1)-edge-connected orientation from any root. To see this,
suppose that D is a (k, [)-edge-connected orientation of G with root s1, and s5 is the desired
root. It suffices to see the case k > [ (since reversing all edges of D switches the role of k
and ). By definition there are k edge-disjoint paths from s; to so. Let us reverse the edges
on k — [ of these paths. Then op(X) decreases by k — [ if X is an Sysq-set, it increases
by k — [ if X is an S3si-set, and remains unchanged otherwise. So the new orientation is
(k,1)-edge-connected from s,.

Chapter f will discuss (k, [)-edge-connected orientations in more detail.

1.3 Hypergraphs and directed hypergraphs

Since the thesis discusses hypergraphs and directed hypergraphs from the perspective of

connectivity and orientations, this introduction focuses mainly on these themes.

1.3.1 Connectivity of hypergraphs

Graphs are considered with the possibility of loops and parallel edges, and the same ap-
proach is used for hypergraphs. A hypergraph is denoted as H = (V, &), where V is the
set of nodes and £ is the set of hyperedges. Hyperedges are considered to be multisets. To
a hyperedge e we associate the characteristic function x. : V' — Z,, i.e. x.(v) equals the
multiplicity of the node v in the hyperedge e. Some special notations will be used when

describing the relation of a hyperedge e and a set X:
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e v € e means that y.(v) >0,

le] = xe(V),

le N X| = xe(X),

e ¢ C X means that x.(V — X) =0,

The hyperedge e N X is defined as xenx(v) := xe(v) * xx(v),

The hyperedge e — X is defined as en (V — X)),

The hyperedge €1 — €2 is defined as Xei—es (U> = (Xe1 (U) — Xeo (U))"’,

For v € V, the hyperedge e + v is defined as Xcyv := Xe + X{u,

For a hyperedge set £, U(E’) is the smallest subset X of V' for which e C X for every
eel.

For a positive integer v, a v-hyperedge is a hyperedge e with |e| = v. A hypergraph is
v-uniform if the cardinality of every hyperedge is v. By the rank of a hypergraph we mean
the cardinality of its largest hyperedge. A hyperedge e of H = (V, ) is induced by a subset
X of Vif e C X. The number of hyperedges induced by X is denoted by iy (X). The
degree of a node v € V' is dy(v) := > oo Xe(v).

In a hypergraph H, a path between nodes s and ¢ is an alternating sequence of distinct
nodes and hyperedges s = vy, eq,v1,€3,..., e, v = t, such that v;_1,v; € ¢; for all i =
1,..., k. Figure [T shows an example of a path between two nodes. H is connected if
there is a path between any two distinct nodes. A hyperedge e enters a set X if eN X # ()
and eN (V — X)) #£ (). Tt is easy to see that H is connected if and only if every non-empty
proper subset of V' is entered by at least one hyperedge of H.

For a hypergraph H = (V, &), we define Ay(X) ={e € £: eenters X}, and dy(X) :=
|Ap(X)|. Note that dy({v}) and dy(v) can be different, since the hyperedges are multisets.
For subsets X,Y C V let dy(X,Y) be the number of hyperedges e € £ with e C X UY,
eZ X, eZY. Every hypergraph has the following properties:

dg(X)+dyg(Y)>dy(X NY)+dy(XUY) forevery X,Y CV, (1.2)
in(X)+ig(Y)=ig(XNY)+ig(XUY)—duy(X,Y) forevery X, Y CV. (1.3)

It is well known that Theorem [[.1 of Menger can be generalized for hypergraphs:
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Figure 1.1: A path between s and t in a hypergraph

Theorem 1.11. Let H = (V, &) be a hypergraph, and s,t € V distinct nodes. The maxi-

mum number of edge-disjoint paths between s and t is
min{dy(X): X CV is an St-set}.

As for graphs, Ay (s,t) denotes the maximum number of edge-disjoint paths between s
and ¢, and it is called the local edge-connectivity between s and ¢. For a positive integer k,
a hypergraph H = (V&) is called k-edge-connected if the following equivalent conditions
hold:

(i) Ag(u,v) >k for every pair u,v € V of distinct nodes.

(i1) dy(X) > k holds for every non-empty proper subset X of V.
(11i) To dismantle H into 2 components, one needs to delete at least k hyperedges.
(iv) H remains connected if we delete k — 1 hyperedges.

A hypergraph H is said to cover a set function p if dg(X) > p(X) for every X C V. So

if we define the set function p; as

ko if0£XCV,

0 fX=0orX=V,

then H is k-edge-connected if and only if it covers py..

1.3.2 A natural generalization of digraphs: directed hypergraphs

The concept of directed hypergraphs was introduced in many different contexts, in areas

like propositional logic, assembly, and relational databases, to efficiently model many-to-
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Figure 1.2: A path from s to t in a directed hypergraph

one relations; surveys of these applications can be found in [A0] and [&1]. There are different

possible definitions; we will use the one that best fits our framework for edge-connectivity.

In our terminology, a directed hypergraph is a pair D = (V,A), where V is a finite
ground set, and A is a finite collection of so-called hyperarcs (possibly with repetition).
A hyperarc a is a hyperedge (which we will also denote by a, if this causes no confusion)
with a designated head node h(a) € a; the rest of its nodes are called tail nodes, and are
denoted by t(a). So the role of head and tails is asymmetric: while h(a) is a node, t(a) is a
multiset. A natural way of looking at a directed hypergraph is that it is an orientation of a
hypergraph H = (V. £), i.e., a head node h(e) € e is designated for every hyperedge e € £.
The underlying hypergraph of a directed hypergraph D is the one obtained by considering
each hyperarc as a hyperedge.

A hyperarc a with r tail-nodes is called an (r, 1)-hyperarc. D = (V,A) is (r, 1)-uniform
if every hyperarc is an (r, 1)-hyperarc. A hyperarc a of D is induced by a subset X C V
if @ € X. The number of hyperarcs of D induced by X is denoted by ip(X). The in-
degree of a node v € V is pg(v) = [{a € A: h(a) = v}|. The out-degree of v € V is
0 (V) = 3 ea Xt(a)(V)-

A path from s to t in a directed hypergraph is an alternating sequence, without repetition,
of nodes and hyperarcs s = vy, a1,v1,0a9,...,05_1,ar, v, = t, where v;_; is one of the tail
nodes of a;, and v; is the head node of a; (i = 1,...,k). Figure [.4 shows an example of
a path in a directed hypergraph. The node t is said to be reachable from the node s if
there is a path from s to t. A directed hypergraph D is strongly connected if every node is

reachable from every other node.

A hyperarc a enters a set X C V if h(a) € X and t(a) € X. For a directed hy-
pergraph D = (V, A) we define A, (X) = {a € A: aenters X}, AL(X) ={a e A:
a enters V — X}, op(X) = |AL(X)], and dp(X) = |AL(X)]. For subsets X, Y C V let
dp(X,Y’) be the number of hyperarcs a € Awitha C XUY,a € X, a Y. The following
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is true for every directed hypergraph D and subsets X, Y C V:

op(X) + op(Y)
6p(X) +0p(Y)

op(XNY)+op(XUY) +dp(X,Y), (1.4)
Ip(XNY)+ip(XUY)+dp(V-X,V-=Y). (1.5)

Theorem [.Z extends naturally to directed hypergraphs:

Proposition 1.12. In a directed hypergraph D = (V, A), there exist k edge-disjoint paths
from node s to node t if and only if op(X) > k for every St-set X.

Proof. Suppose that op(X) > k for every st-set X C V. To reduce the problem to the
digraph case, a new node v, is added to V for every hyperarc a € A, and the hyperarc a
is replaced by edges uv, for every u € t(a), and an edge v, h(a); let D' = (V’, A") be the
obtained digraph. There is a one-to-one correspondence between the paths from s to t in
D and the paths from s to ¢ in D', and edge-disjointness is preserved. By Theorem [.2,

the maximum number of edge-disjoint paths from s to t is
min{op/(X') : X' is an St-set in V'}.
For such an X’  let X := X' NV; then k < op(X) < opr(X7). O

As a consequence, local edge-connectivity can be defined similarly as for digraphs: for
distinct nodes s,t € V., Ap(s,t) is the maximal number of edge-disjoint paths from s to ¢.

The following is true on global connectivity:

Proposition 1.13. For a directed hypergraph D = (V, A) and a positive integer k, the

following are equivalent:

(i) Ap(u,v) >k for every pair u,v € V of distinct nodes.

(i) op(X) > k holds for every non-empty proper subset X of V.
(i) D remains strongly connected if we delete any k — 1 edges.

A directed hypergraph D is called k-edge-connected if the above hold for D. Given
S, T CV, D is called k-edge-connected from S to T if Ap(s,t) > k for every distinct s € S
andt eT.

Like Menger’s theorem, Theorem [.§ of Edmonds can be easily extended to directed
hypergraphs. Given a set S C V, a directed hypergraph D = (V| A) is connected from S if

every node v € V is reachable from some s € S.
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Proposition 1.14 ([36]). Let D = (V,.A) be a directed hypergraph, and S, ..., Sk non-
empty subsets of V.. For X CV, let f(X) denote the number of sets S; not disjoint from
X. Then D can be decomposed into directed sub-hypergraphs Dy, ..., Dy such that D; s

connected from S; if and only if
op(X) >k — f(X) foreveryh #X CV.

Proof. We prove the theorem by induction on the number of hyperarcs of size at least 3.
If every hyperarc is a digraph edge, then we can use Theorem [[.§. Suppose that there is a
hyperarc a € A with |a| > 2. Call aset () # X CV tight if op(X) =k — f(X). Note that

fX)+ V) 2 f(XNY) + f(XUY),

for every X, Y C V, so ([L4) implies that if X N'Y # () then the intersection and union
of tight sets is tight. Let F be the family of tight sets entered by a. If F = () or F
has a unique maximal element X, then we can replace the hyperarc a by a directed edge
uh(a) where u is an arbitrary node in a — X, and use induction. If F has at least two
maximal elements, say X and Y, then a cannot enter X UY, since the union would also
be tight, which would contradict the maximality. But then dp(X,Y) > 1, so by ([.4)
op(XNY)+op(XUY)=0p(X)+0op(Y)—dp(X,Y) <2k — f(XNY)— f(XUY), so
XNY or X UY would violate the condition. n

As a consequence, the following are equivalent for a directed hypergraph (D = V, A)
and a fixed root node s € V:

(i) D can be decomposed into k edge-disjoint spanning directed sub-hypergraphs that are

connected from s.
(i) There are k edge-disjoint paths from s to any other node.
(111) op(X) >k for every non-empty subset X of V — s.

A directed hypergraph D is called k-rooted-connected from root s if it has the above prop-
erties.

A directed hypergraph D is said to cover a set function p if op(X) > p(X) for every
X C V. Note that k-edge-connectivity and k-rooted-connectivity of directed hypergraphs

can be described as the covering of appropriate set functions.
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1.4 Families of sets

Most of the min-max theorems presented in the thesis contain conditions involving special
kinds of families of sets, and the proofs depend heavily on the manipulation of these
families. Some basic notations are presented here, while families with special structures

will be discussed in Chapter B.

1.4.1 Basic definitions

Given a finite ground set V, a family of sets is a collection of (not necessarily distinct)
subsets of V. The empty family is denoted by (). An example is a partition of a set X
which is a family of pairwise disjoint sets whose union is X. A subpartition of X is a
partition of some X’ C X; a partition of V' is sometimes simply called a partition. For a
family F, we use the notation co(F) :={V — X : X € F}. If F is a partition, then co(F)
is called a co-partition.

The multiplicities of the sets in a family are always taken into account unless otherwise
noted; for example, for a set function p and a family F, ) . » p(X) counts the value of each
set as many times as its multiplicity in F. To a family F we associate the characteristic
function yr : 2V — Z,, i.e. x£(X) equals the multiplicity of the set X in F.

The notation F; C F; is used for xz < xz. The sum of two families F; and F,
denoted by F; + F, is the family with characteristic function xz + xz,.

Let H = (V&) be a hypergraph, and F a family of subsets of V. We define

eg(F):=) max{X eF: uelX, eZ X} (1.6)
ccE uee
It is easy to see that
ep(F) = max { Z 07(X): H is an orientation of H} . (1.7)
XeF

If F is a partition, then ey (F) is the number of hyperedges that are not induced by any

member of the partition (these are called cross-hyperedges).

1.4.2 Duality

One area where families of sets appear naturally is the theory of duality. We do not give a
proper introduction to duality here, just mention a few facts and special formulations that

will be needed later.
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Let M € Q™™ be a matrix, p € Q™, § € Q, and f,g € Q" for which f < g. Consider
the LP system

{reQ": Mz>p, 1l <p, f<z<g}, (1.8)

where 1 is the all-1 vector. Let ¢ € Q™ be a cost vector. According to the duality theorem,

if the cost cx of vectors z satisfying ([[.§) is bounded from below, then

min{cx : Mz >p, la <3, f<z<g}=
=max{yp —pub+zyf—2-9g: yM —pul+ 2z, —2_ =¢, y,u,24,2- > 0}. (1.9)
The system ([[.) is called totally dual integral (TDI for short) if for every integer-valued
cost vector ¢ for which the above minimum/maximum exists, there is an integer-valued
optimal dual solution (y, p, 2+, 2—). By the fundamental result of Edmonds and Giles [I'7],
a TDI system has an integer-valued optimal primal solution x for every cost vector ¢ € Q"
for which the optimum is bounded.
If M is a 0 — 1 matrix, then the rows of M can be considered as subsets Z1,..., Z,, of
an n-element ground set V', and we can define the set function p : 2V — Q U {—o0} as
p(Z;) =p; (i=1,...,m) and p(X) := —oo otherwise. So in this case ([.9) can be written

in the following form:

min{Zc(v)x(v) cx(Z) > p(2)VNZCV, 2(V)< 3, f<ax< g} =

veV

= max { Sy Z)p(Z) = pB+ 2 f —2g:

oy

Z Y(Z)xz(v) —p+ 24 (v) —2z_(v) =clv) Yo €V, y,pu, 24, 2 > O} . (1.10)

ZCV
If every value of y is integer (this may be assumed if the system is TDI and ¢ is integer),
then y can be considered as the characteristic function of a family of subsets of V.

The feasibility of a linear system is characterized by Farkas’ Lemma:

Lemma 1.15. Giwen a matrix M € Q™" p € Q™, 5 € Q, and f,g € Q" for which
f <g, the system

{z:€Q": Mz>p 1<, f<z<g}
is solvable if and only if the system
{yEQT, MEQJM Z+€QQL—7 - :EQZ-:
yM —pl+ 2z —2 =0, yp+ 2. f — 2.9 > pf}

has no solution.
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Again, if M is 0-1 valued and y is integral, then it can be regarded as a characteristic
function of a family of sets. Let us cite another version of Farkas’ Lemma that will be used
later. For a vector z, z > 0 means that every coordinate of z is strictly greater than 0,

while z > 0 means that z > 0 and at least one coordinate is strictly greater than 0.
Lemma 1.16. Let M € Q™™ be a matriz. The system

{r eQ": Mz>0, x>0}
1s solvable if and only if the system

{yeQ": yM <0, y >0}

has no solution.

1.4.3 Compositions

Most of the families that appear in the thesis are so-called compositions. A family F of
sets is a composition of a set X C V' if the value ) ,_, xz(v) — xx(v) is the same for every
veV. It XNY =0, F is a composition of X, and F, is a composition of Y, then F; + F,
is a composition of X UY. A composition of V' is called a reqular family; note that these
are also compositions of (). If F is regular, then so is co(F).

For a set X C V and a family F that is a composition of X, we define the height of F
with respect to X:

hx(F) = Z xz(v) — xx(v) for an arbitrary v € V. (1.11)
ZeF

We will omit the subscript X if it is unambiguous; in fact, the only ambiguity is that if

F is a regular family, then hy (F) = hg(F) — 1. Note also that if F is a partition, then

hy(F) =0, if it is a co-partition then hy (F) = |F| — 2 and if F = (), then hy (F) = —1!
If H= (V,€) is a hypergraph and F is a regular family, then the value ey (F) defined

in ([[.6) can be expressed in a simpler form:

en(F) = ho(F)EI = in(X). (1.12)

XeF

Moreover, the following holds for regular families:

Proposition 1.17. If 7, and F; are reqular families, then ey (F1+F2) = ey (F1)+en(Fs).
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It was already mentioned that if F is a partition, then ey (F) is the number of cross-

hyperedges. It should be noted that for a co-partition F it can be expressed as:

en(F)=> (X eF: enX #0} - 1). (1.13)

eeH
A generalization of the above definition of composition will also be used. For a function
c:V — Zi, a c-composition is a family F for which ), - xz(v) — c¢(v) is the same
for every v € V. For example in ([.I() if 2, = z_ = 0 then an integral y defines a c-
composition. Note that a composition of a set X is a yy-composition. For X, Y C V, a

(xx + xv)-composition will be called an (X, Y")-composition.



26

Chapter 1. Introduction and preliminaries




Chapter 2
Submodular functions

The solution of many edge-connectivity problems relies on the submodular-type properties
of certain set functions. In this chapter the basic notions related to submodularity are
introduced, and we show how submodular functions can be constructed from set functions
with weaker properties. Section R.3 contains some new results in this respect (Theorem
R.17), as well as a useful extension of polymatroid intersection (Theorem P.24). At the
end of the chapter a brief account is given of submodular flows and algorithms related to

submodularity.

2.1 Laminar and cross-free families

2.1.1 Properties

Let V be a finite ground set. Two sets X,Y C V are called co-disjoint if XUY = V. They
are intersecting if none of X — Y, Y — X, and X NY is empty; they are called crossing if
they are intersecting and not co-disjoint.

A family F of subsets of V' is called laminar if it contains no intersecting members. F is
cross-free if it contains no crossing members (so every laminar family is cross-free). Clearly
if F is cross-free, then so is co(F). A partition is laminar, and a co-partition is cross-free.

The following is a well-known property of regular cross-free families:

Proposition 2.1. Every reqular cross-free family decomposes into partitions and co-par-
titions. [

Every cross-free family F has a tree-representation (T, @), where T = (W, A) is a directed
tree, and ¢ : V — W is a mapping such that {1 (W,) : a € A} = F, where W, is the
component of T" — a entered by a. The tree-representation of a laminar family is an

arborescence. Figure P21 shows a tree-representation of a cross-free family.

27
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vV, F

Figure 2.1: Tree-representation of a cross-free family F (the non-rounded rectangles rep-

resent their complement)

Figure 2.2: A tree-composition F of X and its tree-representation (the non-rounded rect-

angles represent their complement)

A tree-composition F of a set X C V is a cross-free composition of X which contains
no partition or co-partition as a proper sub-family (so F itself can be a partition or a co-
partition, and it can also be empty). The name comes from the property that if ) # X C V,
then F has a tree-representation (T' = (W, A), ) such that ¢! (w) # () for every w € W (as
on Figure R.2). In this tree-representation, or(w) = 0 if o' (w) C V — X, and dr(w) =0
if o~!(w) C X. This implies the following, if we consider a node of W of the latter type

that is entered by more than one edge of T"

Claim 2.2. If F # 0 is a tree-composition of X that is not a partition of X, then it
contains a subfamily {Zy,...,Z:} (t > 2) of pairwise co-disjoint sets such that NZ; C X.
IfX#V,then Z; — X #0 (i=1,...,t). O

Cross-free families can be decomposed into tree-compositions:

Lemma 2.3. Let the function ¢ : V — Z, have maximum value k, and let F be a cross-
free c-composition. Let Z; == {v € V : ¢(v) > i} (i = 1,...,k). Then F decomposes
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into partitions, co-partitions, and (possibly empty) families Fi, ..., Fr, where F; is a tree-

composition of Z; (1 =1,...,k).

Proof. If k = 1, then F is a partition of a set X C V| which is a tree-composition. We
prove the Lemma by induction on k. It can be assumed that F contains no partitions and
co-partitions of V', since in that case we can use induction. Consider a tree-representation
(T'= (W, A),p) of F. Recall that for a € A, W, denotes the component of 7' — a entered
by a. Let W; :={w e W: [{a € A: we W,}| =i}. Then the following are true:

°» Z; = Uj:i‘Pfl(VVi)a
e If the head of an edge a € A is in W, then its tail is in W,_.

Let [ be the maximal value for which W; # (0. If w € W;, then ¢~ (w) # (), since otherwise
{p~Y(W,) : a enters w} would be a co-partition. Hence | = k, and o' (W) = Z;. It is
easy to see that for w € Wy, {1 (W,) : a enters w} is a composition of ¢! (w). Thus
Fr = {p t(W,) : aenters W} = Upew, {© '(W,) : a enters w} is a composition of
Zy. It is furthermore cross-free and contains no partitions and co-partitions, so it is a
tree-composition of Z,. We can remove Fj;, from F and use induction on the remaining

family:. O

If a non-empty tree-composition of X C V' is laminar, then it is a partition of X; thus
in case of a laminar family F Lemma P.3 gives a decomposition of F into partitions of
iy, 2y

If F is a cross-free (X, Y)-composition for some X, Y C V| then Lemma P.3 implies that

it decomposes into a composition of X N'Y and a composition of X UY.

2.1.2 Uncrossing

Uncrossing is a general name for methods which transform a family into a cross-free family
by the repeated application of some easy steps. These will be used many times in the
thesis; here we only describe the most basic uncrossing method.

Let y : 2 — Q4 be a non-negative set function. By the uncrossing operation we mean
the following modification of y: given two crossing sets X7 and X, with y(X3),y(X3) > 0,
decrease y(X7) and y(X3) by min{y(X3),y(X2)}, and increase y(X; N X3) and y(X; U X5)
by the same amount. If y(X) is defined as the multiplicity of X in a family F, then we

speak of uncrossing F.

Lemma 2.4. After finitely many uncrossing operations y is positive only on a cross-free

family of sets.
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Proof. This well-known result can be seen as a special case of the following claim (note

that the claim does not hold for non-negative real numbers!):

Claim 2.5. Let zq,...,x, be non-negative rational numbers. Suppose that we apply re-
peatedly the following operation: for some indices i < j < k < | where x; and xj are
positive, decrease x; and xy by min{z;,z;}, and increase x; and x; by min{z;,x,}. Then

this operation can be repeated only a finite number of times.

Proof. By multiplying all x; values by a suitable integer, we can assume that every z; is
integer. Now suppose that there is an infinite sequence of operations, and let m be the
smallest index for which x,, decreases infinitely many times. Then one of xy,... 2,1
increases infinitely many times by at least 1, but decreases finitely many times, which is

impossible since " | x; remains constant and x; > 0 for every i. OJ

Let X4,...,X; be an ordering of the subsets of V' compatible with the standard partial
order; let z; := y(X;). Then it follows from the claim that after finitely many uncrossing

steps uncrossing is impossible, therefore y is positive on a cross-free family. O

To illustrate the usefulness of the uncrossing technique, let p : 2V — Z U {—o00} be a set
function for which p(X) 4+ p(Y) < p(X NY) + p(X UY) whenever X and Y are crossing.
Lemma P-4 implies that for any ¢: V — Z, and any c-composition F there is a cross-free
c-composition F' such that Y .~ p(X) > > rp(X).

2.2 Submodular and supermodular set functions

2.2.1 Basic properties
A set function b : 2V — Z U {oo} is called fully submodular (or submodular for short) if
b(X)+bY)<bXNY)+bXUY) (2.1)

holds for every X, Y C V. It is clear from the definition that the sum of fully submodular set
functions is fully submodular. A modular set function (obtained from a functionm : V" — 7Z
by m(X) = >, cxm(v)) is always fully submodular. There is an alternative way to

characterize submodularity:

Proposition 2.6. A set function b: 2"V — Z U {oo} is fully submodular if and only if
b(X +v) —b(X)>bY +v)—0bY)

forall X CY CV andveV =Y.
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Some examples of fully submodular set functions were already given in Chapter [[. In-
equalities ([.2), ([.4), and ([.5) imply that if H is a hypergraph and D is a directed
hypergraph, then the set functions dy(X), op(X), and dp(X) are fully submodular. It is
also easy to see that if H = (V&) is a hypergraph, then we can define a fully submodular
set function b : 2 — Z, by b(&') := | U (&')| for every &' C €.

A set function p : 2V — Z U {—o0} is called fully supermodular if

p(X) +p(Y) <p(XNY)+p(XUY) (2.2)

holds for every X, Y C V. In other words, p is fully supermodular if and only if —p is fully
submodular. An important example is the set function iy (X) for an arbitrary hypergraph
H.

One of the fundamental properties of submodular set functions is that the greedy algo-
rithm can be used to find a maximum weight vector majorized by the set function. For
sake of simplicity we describe this only for finite set functions. Let b : 2V — Z be fully
submodular, and let ¢ : V' — Q be a weight function. The aim is to find an x : V — Z
that satisfies 2(Z) < b(Z) for every Z C V and for which ) _, c(v)x(v) is maximal (if
the maximum exists).

The greedy algorithm proceeds as follows. We choose an ordering v, ..., v, of V' such
that the values c(vy) > c(vy) > -+ > ¢(v,). Let Zy := 0, and Z; := {vy,...,v;} (i =
1,...,n). We repeat for i = 1,...,n the following:

o Set ZL’(Uz) = b(ZZ) - I(Zi_l) == b(ZZ) - b(Zz—l)

It is clear that the obtained values x(v;) are integral. It can be shown that z(Z) < b(Z)

for every Z C V and ), c(v)z(v) is maximal subject to this condition.

2.2.2 Matroids

A prime example of submodular functions is the rank function of a matroid. We include
here a few results of matroid theory that will be used later in some proofs. A matroid is
given as M = (S,Z), where S is the ground set and Z is the collection of independent sets,

that satisfy the following axioms:
(i) D e Z,
(ii)) f X CY €Z, then X € Z,

(iii) For every X C S, the maximal sets among the independent subsets of X have the

same cardinality.
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The rank function of the matroid M, denoted by r,;, is the set function whose value on X
is the cardinality of a maximal independent subset of X. This rank function is monotone
increasing (i.e. rp(X) < ry(Y) if X CY), fully submodular, and 7y, (X) < | X]| for every
X C S. It can be shown that every set function satisfying these properties is the rank
function of a matroid.

Given a graph G = (V, E), One can define a matroid Mg = (S,Z) by S := E and
I:={F CE: E'isaforest}. Mg is called the circuit matroid of G. A generalization of
this construction to hypergraphs, due to Lorea [64], will be presented in Chapter [

A graph G = (V) E) is connected if . (E) = |V|—1. G contains k edge-disjoint spanning
trees if Mg has k disjoint independent sets of cardinality |V| —1. As the following theorem

of Edmonds asserts, this is also a matroid problem.

Theorem 2.7 (Edmonds [13]). Let M; = (S,Z;) be matroids on a common ground set
S fori=1,... k. Then the family Iy, := {L UL, U---UI : I; € I;} forms the family of

independent sets of a matroid My, whose rank-function ry, is given by the following formula:

TE(X):min{Zri(X')—i—\X—X’\ : X’QX}. (2.3)

i=1
The matroid My defined in the theorem is called the sum of matroids M;,..., M.
Theorem [[.F of Tutte can be easily obtained from this result.
Another result of Edmonds that is of central importance is the matroid intersection

theorem:

Theorem 2.8 (Edmonds [18]). Let M, = (S,Z;) and My = (S,Zy) be two matroids,

with rank functions r1 and ro. Then the maximum cardinality of a set in Z; NIy equals

min(ry(X) + (S — X)).

XCS

2.2.3 Polyhedra associated to set functions

The properties of sub- and supermodular functions can be best described using the termi-
nology of polyhedral combinatorics. Here we formulate the results from the perspective of
supermodular functions, since these appear more often in the thesis; analogous statements
are of course true for submodular functions. In the following paragraphs we use the terms
“min” and “max” to denote —oo/ + oo if the values are not bounded. Given a set function
p:2Y — ZU{—o00}, we define the polyhedra

Clp)={x:V—-0Q: z(Y)
B(p) ={z:V—-Q: z(V)

A%

p(Y)VY CV}, (2.4)
p(V); z(Y) > p(Y) VY CV}. (2.5)
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A polyhedron P is a contra-polymatroid if P = C(p) for some monotone increasing fully
supermodular function p. P is a base polyhedron if P = B(p) for some fully supermodular
function p. We will use the term “system defining B(p) (or C(p))” for the linear systems
given above.

If p is fully supermodular, then both C'(p) and B(p) have integral vertices. Moreover,
given a weight function ¢ : V' — Q, a minimum weight vertex of C'(p) or B(p) can be found

by the greedy algorithm. If ¢ is non-negative with maximum value k, then
min{cz: = € C(p)} = min{cz: = € B(p)} =
k
= Zp(Zi) where Z; = {v eV : c¢(v) >i}. (2.6)
i=1

It follows that for a polyhedron P, if P = C(p) or P = B(p) for some fully supermodular

function p, then p is uniquely determined, since p(X) = min{}_ ., xx(v)z(v) : = € P}.
The intersection of two contra-polymatroids and of two base polyhedra is also a polyhe-

dron with integral vertices. The non-emptiness of the intersection is characterized by the

following theorem of Edmonds:

Theorem 2.9 (Edmonds). Let p; : 2¥ — Z U {—occ} and py : 2V — Z U {—o0} be fully
supermodular functions. Then B(py) N B(ps) is non-empty if and only if p1(V) = pa(V)

and
p1(X) +p2(V = X) <pi(V) for every X C V.

The minimum weight element of these polyhedra can be determined in polynomial
time (although not with a simple greedy algorithm). The systems min{cz : z(Z) >
max{p1(2),p2(Z)} VZ C V} and min{cx : z(Z) > max{p(Z),p2(2)} VZ C V, x(V) =
p1(V)} are TDI if p; and py are fully supermodular. So the following characterizations are

true:

Theorem 2.10. Let p; : 2¥ — Z U {—occ}, po : 2V — Z U {—oc0} be fully supermodular

functions. If ¢c: V — Q4 is a non-negative weight function, then

min{cx : x € C(p1)NC(p2)} =
= max (min{c;z: = € C(p1)} + min{cox : = € C(pa)}). (2.7)

c1,c220, c1+ca=c

If pi(V) =po(V) and ¢ : V — Q is a weight function, then

min{cz : = € B(p1) N B(pz)} =
= max (min{ciz: = € B(p1)} + min{cex : = € B(pa)}). (2.8)

c1+co2=c

Deciding whether the intersection of 3 base polyhedra is empty or not is NP-complete.
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2.2.4 Intersecting and crossing supermodularity

For set functions that appear in connectivity problems, the supermodular inequality (2.2)
often does not hold for every pair of sets. For example, given a hypergraph H, and a
positive integer k, let p(X) := k — dp,(X) if 0 # X C V, and p(0) := p(V) := 0. For a
hypergraph H, Hy + H is k-edge-connected if and only if H covers p. The set function p
is not necessarily supermodular on non-crossing sets.

Another example is for a given directed hypergraph D, with a fixed root node s: let
p(X):=k—0p,(X)is 0 # X CV—s, and p(X) := 0 otherwise. For a directed hypergraph
D, Dy + D is k-rooted-connected from s if and only if D covers p. Here p is supermodular
on intersecting sets.

This shows that in many cases the requirement of full supermodularity must be relaxed.
A set function p : 2" — ZU{—o0} is crossing supermodular if (2.9) holds whenever X and
Y are crossing. The set function p is intersecting supermodular if (2.2) holds whenever X
and Y are intersecting.

For crossing supermodular functions, the following theorem of Fujishige characterizes

the non emptiness of B(p).

Theorem 2.11 (Fujishige [3R]). Let p : 2V — Z U {—o0} be a crossing supermodular
function. Then B(p) is nonempty if and only if

t

SRV - X;) < (t— Dp(V)

i=1
both hold for every partition {X1, Xs,..., X} of V. Furthermore, if B(p) is non-empty,
then it is a base polyhedron. [

If p is intersecting supermodular, then the non-emptiness condition reduces to the fol-

lowing;:

Proposition 2.12. Let p : 2V — Z U {—o0} be an intersecting supermodular function.

Then B(p) is nonempty if and only if

holds for every partition {X1, X, ..., X;} of V.. Furthermore, if B(p) is non-empty, then

it 1s a base polyhedron.
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A further relaxation is suggested by noticing that in a problem of covering a set func-
tion p, a set X is irrelevant if p(X) < 0. A set function p is called positively crossing
supermodular if (.2) holds whenever p(X) > 0, p(Y) > 0, and X,Y are crossing.

If a positively crossing supermodular function p is also symmetric (i.e. p(X) = p(V —X)
for every X C V), then

p(X) +p(Y) <p(X =Y) +p(Y — X) (2.9)

holds for every pair (X,Y) for which p(X) > 0, p(Y) > 0, and X —Y and Y — X are non-
empty. This is the case for example for the set function p(X) = (k—dy(X))t (0 £ X C V)
for a hypergraph H.

The following version of Theorem E.T1] is true for positively crossing supermodular func-

tions:

Theorem 2.13. Let p : 2V — Z, be a positively crossing supermodular function. Then

B(p) is nonempty if and only if

> p(V—X) < (t—1)p(V)

i=1
both hold for every partition {X1, X, ..., X;} of V. Furthermore, if B(p) is non-empty,
then it is a base polyhedron. O]

2.2.5 Truncations

Theorem P.11] stated that if p is intersecting or crossing supermodular, and B(p) is non-
empty, then B(p) is a base polyhedron, thus there is a fully supermodular function p* such
that B(p) = B(p*). But how can we explicitly construct p*? The answer is the operation
called truncation.

The upper truncation (or upper Dilworth truncation) of a set function p : 2 — ZU{—o00}

18

p"(X) := max {Zp(Z) : F is a partition of X} : (2.10)
ZeF

It is easy to see that C'(p) = C'(p") and B(p) = B(p").

Proposition 2.14 (Lovasz [57]). If p is intersecting supermodular, then p™ is fully su-

permodular. If p is crossing supermodular, then so is p”.
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The full truncation of a set function p : 2V — Z U {—o0o} is
p'(X) := max {Z p(Z) — hx(F)p(V) : F is a tree-composition of X} : (2.11)
ZeF

Here B(p) = B(p'), and the following is true:

Proposition 2.15 (Frank [25]). If p is crossing supermodular, and B(p) is non-empty,
then p' is fully supermodular.

The algorithms to calculate the upper truncation and the full truncation will be briefly
discussed in Section B.5. Another type of truncation appears when we define a matroid

using an intersecting submodular set function. Edmonds [I5] proved the following theorem:

Theorem 2.16 (Edmonds [15]). Let b : 25 — Z, be a non-negative, integer-valued,

intersecting submodular set-function. Then
Iy ={XCS: bY)>|YNX| for every Y C S} (2.12)

forms the family of independent sets of a matroid M, = (S, Z,) whose rank-function is given

by

rar, (X ) = min {Z b(Z)+ | X — (UzerZ)| = F is a subpartition of S} . (2.13)
ZeF

Furthermore, if b is monotone increasing, then

I, ={X CS: bY)>|Y| for every Y C X} (2.14)
and
ru, (X) = min {Z b(Z)+|X — (UzerZ)| . F is a subpartition ofX} : (2.15)
ZeF

2.3 Relaxations of supermodularity

In this section we discuss how supermodularity can be further relaxed while some other
important properties, like the TDI property of the associated linear system, are retained.
Theorem P17 is a comprehensive result on possible relaxations that seems to have not been
observed before. The other new observation of the section, Theorem £.24, describes a way

to relax the conditions of Theorem £279.
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2.3.1 Skew supermodular set functions

Let Hy = (V, &) be a hypergraph, and r : V? — Z, a local edge-connectivity requirement,

i.e we want to add a hypergraph H to Hy such that Ay, g (u,v) > r(u,v) for every u,v € V.

It is easy to see that Hy + H has this property if and only if H covers the set function
p(X):= max r(u,v)—dy,(X).

ugX, veX

This set function has the following property (x):
(x) Either (2.3) or (12.9) holds for every X, Y C V.

A set function with the above property is called skew supermodular. If p : 2V — ZU{—occ} is
skew supermodular, then the polyhedron P = {z : 2V - Q: 2 >0, z(Z) > p(Z)VZ C V}

is a contra-polymatroid, whose unique defining fully supermodular function is

p'(X) := max {Z p(Z) : F is a subpartition of Z} :
ZeF
On the other hand, B(p) is not always a base polyhedron, and its vertices are not necessarily

integral.

2.3.2 Truncated supermodularity

We already saw examples where a set function p was not fully supermodular, but B(p)
was nevertheless a base polyhedron. In the following paragraphs our aim is to give a
characterization of set functions p : 2V — ZU{—o0} for which the system in the definition
of B(p) is a TDI system, and it describes a base polyhedron. For sake of simplicity, we
assume without loss of generality that p(V') = 0 (the addition of an integer-valued modular

set function does not change the properties discussed here). For X C V| let

p"(X) := max {Zp(Z) : F is a composition of X} . (2.16)
ZeF
We assume that p*(V') = 0, which is equivalent to the non-emptiness of B(p) by Lemma
[[.15. Clearly B(p) = B(p*), and if the system defining B(p) is TDI, then
p(X) = min {Z x(W)a(v) : 7 e B<p>} , (2.17)
veV
which is fully supermodular if and only if B(p) is a base polyhedron; moreover, if the system

defining B(p*) is TDI, then so is the system defining B(p). Hence p* is fully supermodular
if and only if the system defining B(p) is TDI and it describes a base polyhedron.
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We call a set X significant if p(X) = p*(X), and tight if p*(X) + p*(V — X) = 0. We
also introduce for X, Y C V the notation

p*(X,Y) := max {Zp(Z) : Fisan (X, Y)—composition} . (2.18)
ZeF

This function clearly has the following properties:

p*(X,Y) > max{p*(X) +p"(YV),p (X NY) +p" (X UY)}, (2.19)
pr(Y) > p (X, Y) +p(V = X). (2.20)

The main result of this section is the following theorem:

Theorem 2.17. If p(X) +p(Y) < p*(X NY) +p*(X UY) holds whenever X and Y are

significant and crossing, then p* is fully supermodular.

Observe that if X and Y are not crossing, then p*(X) +p*(Y) < p*(XNY) +p* (X UY)
automatically holds. So the condition of the theorem always holds for non-crossing X and
Y. Theorem P.17 implies Proposition P.15 (it is easy to prove using the uncrossing technique
that pl(X) = p*(X) for every X C V if p is crossing supermodular and p*(V) = 0).
Furthermore, it shows that instead of crossing supermodularity, it is sufficient to require
p(X)+p(Y) <pl(XNY)+p(XUY) for every crossing X, Y.

For technical reasons we will prove a theorem that is a bit more general but less elegant
than Theorem £.17. We say that a family G generates p* if

p*(X) = max {Z p*(Z) : F is a composition of X, and its members are in Q}
ZeF

for every X C V. Obviously the family of significant sets generates p*.

Theorem 2.18. Suppose that a family G generates p*, and p*(X,Y) = p*(XNY)+p* (XU
Y) holds for every pair X,Y € G for which p*(X,Y) = p*(X) + p*(Y). Then p* is fully

supermodular.

Proof. The main difficulty of the proof is that the composition F of X that defines p*(X)
in (.16) can not always be cross-free (an example for this will be presented at the end
of the proof). We will show however that the family F can be assumed to be cross-free
restricted to minimal tight sets. First we prove with the help of a few preliminary claims
that p*(X,Y) =p*(X NY) + p*(X UY) is true for every tight X and arbitrary Y.

Claim 2.19. If X is tight, then p*(X,Y) = p*(X) + p*(Y) for every Y C V.
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Proof. p*(X,Y) = p*(X) +p*(V — X) + p*(X,Y) < p*(X) +p*(Y) by (£20). O

Claim 2.20. If X is tight, Y is arbitrary and p*(X) +p*(Y) < p*(X NY) +p* (X UY),
then p*(Y) = p*(X NY) + p*(Y — X).

Proof. p*(Y) = p*(Y) + p*(X) + p*(V = X) < p* (X NY) +p* (X UY) +p*(V - X) <
prXNY)+p (Y - X). -
g

It follows from the conditions of the theorem and Claims P.19 and P20 that if XY €
and X is tight, then p*(Y) =p*(X NY) +p*(Y — X).

Claim 2.21. If X € G is tight and Y is arbitrary, then p*(X,Y) = p*(XNY)+p*(XUY).

Proof. Let Fy be a composition of Y whose members are in G and for which p*(Y) =
> zer, P*(Z) (such a composition exists because G generates p*). Claim P.19 implies that
PXY)=p (X)+p (V) =p"(X)+ > p(XNnZ)+ > p(Z-X).

ZeFy ZeFy
There is a non-negative integer v such that if we add V' — X with multiplicity v to the
family {X NZ: Z € Fy}, then we get a composition of X NY. It follows that if we add
X with multiplicity v + 1 to the family {Z — X : Z € Fy}, then we get a composition of
XUY. So

PXY) =D p(XNZ)+up'(V=X)+w+1p(X)+ > p(Z-X)<

ZeFy ZeFy

<p"(XNY)+p(XUY).

Claim 2.22. If X is tight and Y arbitrary, then p*(X,Y) =p*(X NY) +p*(X UY).

Proof. Let F = {X3,...,X;} be a composition of X with all members in G such that
P (X) = 31, p*(Xi). In this case every X; € F is tight, since p*(X;) + p*(V — X;) >
P (Xi) + 22, " (X;) +p*(V — X) = 0. We will construct a cross-free (X, Y')-composition
F' in t steps, for which p*(X,Y) = >, - p*(Z). In every step we have a laminar
family F;, at the beginning Fy := {Y'}. In the i-th step with F,_y = {Z1,..., 4},
let 73 ={ZiNX,7Z — X, 2N X;, 20 — Xyy..., 20 X;, Z) — Xy, X3}, Tt is easy to
see that F; is a (xy + 22:1 Xx,)-composition. It follows from Claims .21 and P.20
that 3",z p"(Z) = p"(Y) + 25 p*(X;). Let F' := Fi; then F' is a laminar (X,Y)-
composition, and ), - p*(Z) = p*(X) + p*(Y). By Lemma .3, " decomposes into
a composition of X N'Y and a composition of X UY; thus p*(X,Y) = >, - p*(Z) <
p(XNY)+p(XUY). O
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According to Claim £.23 we can assume that all tight sets are in G. If X and Y are
tight, then by Claim .20, 0 = p*(Y) +p*(V =Y) =p*(XNY) +p* (Y = X)+p*(V -Y) <
p(XNY)+p*(V—(XNY), so XNY is tight, and similarly Y — X is tight. This means
that the minimal tight sets form a partition Wy, ..., Wy. The conditions of the theorem
are not changed if we add a modular set function m to p for which m(V) = 0. Thus we
can assume that p*(W;) = - -+ = p*(W}) = 0, so p*(X) = 0 for every tight set X.

We say that sets X,Y are crossing restricted to W if X N W; and Y N W, are crossing
on the ground set W;. For a given 1 < [ < k we define a matrix A;. The rows of
A; correspond to the pairs X,Y € G that are crossing restricted to W;, and for which
p"(X,Y) = p*(X) + p*(Y). The columns of A; correspond to the sets in G. In the
following we define the row of A; corresponding to a pair (X,Y’) of sets. There is a
composition Fxny of X NY and a composition Fxuy of X UY, both consisting of sets
in G, for which p*(X,Y) = p*(X NY) +p(XUY) =3, r D (2)+ > scr., P(Z).
Observe that Fxny + Fxuy contains at least 2 non-tight sets (because W, is a minimal
tight set), and if it contains exactly 2, then restricted to W, these are (X NY) N W, and
(X UY)NW,. Using Fxny and Fxuy, we define the row r of A; corresponding to X, Y
for a set Z € G, let 7(Z) = —Xrxny (Z) — Xrxoy (Z) it Z # X and Z # Y, and let

T(X) = T(Y) =1- XFxny — X}—XUY<Z)'

Claim 2.23. The system {yA; <0, y > 0} has no solution.

Proof. Suppose indirectly that there exists such a y; we can assume that y is integral.
The vector —yA; can be considered as a non-negative function whose domain of definition
is G. Let F be the family defined by xz(Z) := —yAi(Z) (Z € A), and let F’ be the
family obtained by leaving out the tight sets from F. By the definition of the rows of A;,
Y zerP(Z) =0, and F is regular. This is possible only if 7' = (). But in a row of A,
corresponding to a pair (X,Y), exactly 2 columns corresponding to non-tight sets have
value +1 (those corresponding to X and Y'), and at least 2 columns corresponding to non-
tight sets have negative value. This is possible only if each row of A; for which y is positive
contains exactly 2 columns corresponding to non-tight sets that have negative value (which
is -1). We have seen that for a row corresponding to (X, Y’) the intersection of these non-
tight sets with W; must be (X NY)NW; and (X UY)NW,. But [X N W >+ |[Y N W2 <
(XNY)NW P+ [(XUY)NW|?, 50 Y 4 |Z NW[> > 0, contradicting F' = (. O

According to the Lemma [[.1§ the dual system {4,z > 0,z > 0} has a solution. Let z
be an arbitrary solution of the above system (for [ = 1,...,k). This means that z; is a

non-negative weight function on the sets of G, with the following property:
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(x) If X,Y € G are crossing restricted to Wi, and p*(X,Y) = p*(X) + p*(Y), then
there is a composition Fxny of X NY and a composition Fxy of X UY, both
consisting of sets in G, for which p*(X,Y) =3 ycr  P(Z) + Y ger,., P(Z) and
AX) +2(Y) > Cyeny 2(2) + Seryy, 4(2)

Now we can prove that p* is fully supermodular. Let XY C V. For a given 1 <[ <k
let 7 be an (X, Y)-composition consisting of sets in G, for which p*(X,Y) = >, p*(Z),
and which is of minimal weight with respect to z;. (such a family exists, since G generates
p*). Because of the minimality of the weight, no X', Y’ € F; can be crossing restricted to
W, (otherwise X’ and Y’ could be replaced by the family Fx/ny: + Fxyr whose existence
is stated in (x), thus decreasing the weight). This means that F; is cross-free restricted to
Wi.

For1 <i <k, let F; :={ZNW;: Z € F;}. On the ground set W, F;; is an (XNW;, YN
W;)-composition. By Claims @ and , Yozer P(2) = S > zer, P'(Z). Since
> zer P'(Z) is maximal among (X,Y)-compositions, this implies that ZZeﬁl,i p*(Z) =
ZZG]_-W p*(Z) for 1 <1y, < k.

On the ground set W;, the cross-free family F;; decomposes into a composition .7-"{} of
(X NY)NW,; and a composition ;3 of (X UY) N W, by Lemma P.3. On the ground set
V', the family Zle ]—'l”l can be made an X N Y-composition by the addition of tight sets;
let 7™ denote this X NY-composition. Similarly, we can obtain an X UY -composition F"
from Zle Fp3 by the addition of tight sets. Since p*(Z) = 0 for every tight set Z, we get
that p*(X,Y) =3, D (Z) + >_ 4 ru p*(Z), hence p*(X,Y) < p*(X NY) +p*" (X UY).
This proves the supermodularity of p*. O

Remark. The following example shows that it is not enough to consider cross-free com-
positions in the definition of p*. Let V = {vy,ve,v3,v4} and let X7 = {vg,vs,v4},
Xy = {02}, and Xy = {vy,v3}. Let p({vi}) = 1, p(X1) = p(Xz) = p(X3) = —1,
and p(Z) = —oo on every other set. For the supermodularity of p* we only need to check
that p(Xs2) + p(X3) < p* (X2 N X3) + p* (X2 U X3) which is true since p(Xo N X3) = 1 and
p*(X2UX3) > p(X1)+p(X2)+p(X3) = —3. But there is no cross-free (X,UX3)-composition
F for which }_,_,p(Z) > —3.

2.3.3 Jointly supermodular functions

The following relaxation concerns the intersection of base polyhedra, discussed in Theorems
P.9 and R.10. Let p; : 2V — Z U {—o0} and py : 2 — Z U {—o0} be set functions. By
Theorem P.10, the system defining B(p;) N B(p2) is TDI if p; and ps are fully supermodular
(and by Proposition .15 it is TDI even if p; and py are only crossing supermodular).



42 Chapter 2. Submodular functions

We consider the relaxation where p; is fully supermodular, but for ps the supermodular
inequality (B.9) is guaranteed to hold only on crossing pairs (X, Y") for which p; (X) < pa(X)
and p1(Y) < pa(Y). This type of set function pairs appear for example in orientation
problems featuring positively crossing supermodular set functions, discussed in Chapter [.
The next theorem states that the system defining B(p;) N B(p2) is TDI even in this relaxed

case.

Theorem 2.24. Let p; : 2V — Z U {—oo} be fully supermodular, and let py : 2V —
7. U {—o0} be a set function that is supermodular on the crossing pairs (X,Y') for which
p1(X) < pa(X) and p1(Y) < p2(Y'). Then the system

{:V—->Q: 2(V)=pm(V); 2(2) >p(Z)VZ CV, 2(Z) > p(Z)VZ CV}  (2.21)
1s TDI, and it has a feasible solution if and only if

p(V=X)+ > paZ) < (hx(F) + Dpa(V) (2.22)

for every X CV and every tree-composition F of X.

Proof. Let ¢ : V' — Z be an integral weight function. In the dual system, the variables are
y1:2Y - Qp, 10:2Y — Q, and p € Q.. By ([.9), the dual system is

max { Y (ZD)i(2) + y2(2)p2(2)) = pa (V) -

Zcv

D W1(2) + 12(2))xz(v) = p = cla) Vo € V} - (223)
ZCV

Suppose that (1,42, 1) is an optimal dual solution where ), y2(Z) is minimal.
We start the uncrossing procedure on gy, described in Subsection m (i.e. given two
crossing sets X; and Xy with y9(X1),72(X2) > 0, we decrease yo(X;) and yo(X3) by
min{ys(X1), y2(X2)}, and increase yo(X; N X3) and y2(X; U X3) by the same amount). We
claim that all along the uncrossing procedure, y, will be positive only on sets Z for which
p2(Z) > p1(Z). Indeed, if yo(Z) > 0 for a set for which pa(Z) < pi(Z), then by increasing
y1(Z) by y2(Z) and decreasing y2(Z) to 0, we would get an optimal dual solution for which
Y zcy Y2(Z) is less.

Lgt y5 be the result of this uncrossing. By Lemma P.4, v, is positive on a cross-free
family F, of sets. We can also uncross y;, and here we can apply the uncrossing operation
on non-crossing pairs of sets too, so in the end we obtain y] which is positive on a chain
F1 of sets.
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Now (y1, y5, i) is an optimal dual solution of the problem
min{cz: (V) =p(V); 2(Z2) >p(Z)VZ € Fr, 2(Z) > pa(Z)VZ € Fo}.  (2.24)

This system is the intersection of two base polyhedra, so it has an integral dual optimal
solution, which is in turn optimal for (.23). This proves the TDI property.
The non-emptiness condition can be proved similarly. Suppose that the system P.21] has

no solution. Then by Lemma [[.15, there exists (yi, ye, 1) such that

> Wi(2) + 12 Z))xz(v) = p Y €V,
ZCV

and

> W Z2)p(Z) + 1 Z)pa(Z)) — upr(V) > 0.

Zcv
By the same argument as in the proof of the TDI property, we can assume that y; is
positive only on the members of a chain F; and ¥, is positive only on the members of a

cross-free family F,. But then the system
{2:V—=0Q: a(V)=p(V); 2(2) 2p(Z2)VZ € Fr, 2(Z) > p2(Z) VZ € Fa}

has no solution, so by Theorem R.9, p1(V — X)) + pb(X) > p1(V) for some X C V. O

2.4 Submodular flows

The submodular flow polyhedron of Edmonds and Giles [I7] proved to be a very efficient
tool in many different areas of combinatorial optimization. Here we just mention a few

basic properties, following a brief description of network matrices.

2.4.1 Network matrices

Let T = (W, Ay) be a directed tree, and D = (W, Ay) be a directed graph with the same
node set W. We define the network matrix N = N(W, A;, As) using these digraphs. The
rows of N are indexed with the edges in Ay, while the columns are indexed with edges in
Ay. Let uv € Ay. There is a unique (not necessarily directed) path in 7' from v to u. We
define the column of N corresponding to uv using this path: if a € A; is a forward-edge
of the path, then the value in the corresponding row is 1; if it is a backward-edge of the
path, then the value is —1; if it does not belong to the path, then the value is 0.

It is well known that network matrices are totally unimodular, so the following is true:
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Proposition 2.25. Let N = N(W, Ay, A2) be a network matriz. Let l: Ay — Z U {—o0},
u: Ay — ZU{oo} be lower and upper capacities on Ay such that 1 < u, and let f: Ay —
ZU{—o0}, g: Ay — ZU {0} be lower and upper capacities on As such that f < g. Then

the system
{r:A—-Q: I<Nzx<u, f<z<g} (2.25)
is TDI.

To see an example, consider a digraph D = (V, A), and a cross-free family F on the
ground set V. Let (T" = (W, A1), ) be the tree-representation of F. We can associate
a digraph D' = (W, Ay) to D by taking the edge ¢(u)p(v) for every edge uv € A. We
get a network matrix N = N(W, Ay, Ay). The system (B.25) described in Proposition B.25
corresponds to the following system, if we consider [, u to be given on the sets of F, and

f, g to be given on the edges of D:
{t:A—-Q: UZ)<0,(Z2)—0.(2) <u(Z)VZ € F, f<ax<yg}, (2.26)

where 0,(Z) = ZaeAE(Z)x(a) and 0,(Z) = ZCLEAB(Z)x(a). So by proposition @, this
system is TDI.

2.4.2 Submodular flows

To simplify the notations later in the thesis, we describe submodular flows using super-
modular functions, but this is of course equivalent to the submodular formulation.

Let D = (V, A) be a digraph, and p : 2" — ZU{—occ} a crossing supermodular function.
Let furthermore f: A — ZU{—o0}, g : A — ZU{oo} be upper and lower capacities on A
such that f < g. Forxz: A — Q, let ¢,(Z) := 0.(Z) — 0.(Z), which is a modular function.
The system

{2:A—=Q: 6,(2) 2 p(Z)VZCV, f<a < g} (2.27)

is called a submodular flow system. A simple example is system (B.26), where p(X) =
max{l(X), —u(V — X)} if X € F+ co(F) ,and p(X) = —oo otherwise.

A submodular flow system is one-way if p(X) > —oo implies that either gp(X) = 0
or 0p(X) = 0. It is strongly one-way if either op(X) = 0 whenever p(X) > —oo, or
dp(X) = 0 whenever p(X) > —oo.

The fundamental result on submodular flows is the following:

Theorem 2.26 (Edmonds and Giles[I7]). The system (2.27) is TDI.
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Algorithms for finding a minimum cost submodular flow will be mentioned in Section B.5.

The solvability of system (B.27) has a simple characterization if p is fully supermodular:

Theorem 2.27 (Frank [23]). Suppose that p is fully supermodular. Then (2.27) has a
solution if and only if 6,(Z) — 0f(Z) > p(Z) for every Z C V. If there is a solution, then

there is an integral solution as well.

Suppose now that p is crossing supermodular, and p(V') = 0 (this can be assumed since
(2-27) has no solution if p(V') > 0). Since ¢, is modular, the system (B.27) can be written

in the form

{£:A—Q: ¢, €B(p), f<z<g} (2.28)

If B(p) is non-empty, then by Proposition .15, the set function p' is fully supermodular,
and B(p) = B(p'). Thus Theorem implies the following:

Theorem 2.28 (Frank [23]). Suppose that p is crossing supermodular. Then (2.27) has
a solution if and only if 6,(Z) — 0;(Z) > p'(Z) for every Z C V, where p' is the full
truncation of p, defined in (2.11). If there is a solution, then there is an integral solution

as well.

2.5 Algorithms

2.5.1 Oracles

When set functions are considered from an algorithmic point of view, the way of getting in-
formation about their values must be clarified. Many set functions in the thesis are defined
using a graph or a hypergraph, and in these cases the values usually can be computed using
network flows. However, in the general case, we consider the values to be given by some

kind of oracle. We distinguish two kinds of oracles for a set function b : 2" — Z U {oo}:

Evaluation oracle: Provides the value of b(X) for any subset X C V. It also tells for
s,t € V whether there is an St-set Z with b(Z) < oo.

Minimizing oracle: Given ) € X C Y C V and a modular function m, it calculates
min{b(Z) —m(Z): X CZCY}.

A mazimizing oracle for a set function p : 2V — Z U {—o0} is a minimizing oracle for

—p. It was shown in [32] that the upper truncation B.1( of an intersecting supermodular
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function p, or the full truncation E.T1 of a crossing supermodular function p can be eval-
uated in polynomial time (by a combinatorial algorithm), given a maximizing oracle for
p. More generally, if there is a maximizing oracle available for a set function p, and the
set function p* is defined by (R.I7), then p* can be evaluated in polynomial time using
the ellipsoid method. This implies for example that if p has a maximizing oracle, and the
upper truncation (full truncation) of p is fully supermodular, then the upper truncation

(full truncation) can be evaluated in polynomial time.

2.5.2 Submodular function minimization

In [43], Grotschel, Lovasz, and Schrijver constructed a polynomial time minimizing oracle
for any submodular function given by an evaluation oracle, relying on the ellipsoid method.
Recently, combinatorial algorithms for submodular function minimization were found in-
dependently by Schrijver [67] and by Iwata, Fleicher, and Fujishige [45]. Since then, these
algorithms have been further improved.

An algorithm for minimizing fully submodular functions automatically gives an algo-
rithm for minimizing crossing supermodular functions, since for every s,t € V the set
function

b(X) if X is an St-set,

bst (X) =
00 otherwise

is fully supermodular. So we can minimize by for every pair s, t.

The minimum cost submodular flow problem can also be solved in polynomial time.
There is an obvious relation with submodular function minimization: checking whether
a submodular flow is feasible is a submodular function minimization problem. But the
minimum cost submodular flow problem is considered to be much more difficult than sub-
modular function minimization, and current algorithms are much slower (usually involving
multiple calls to a submodular function minimization oracle).

It is important to note that for positively crossing supermodular functions in general,
no maximization oracle is obtainable based on an evaluation oracle; indeed, an evaluation
oracle cannot decide in polynomial time whether there is a set Z C V' for which p(Z) > 0.

The maximization of a submodular function is NP-hard.



Chapter 3

Edge-connectivity augmentation of

hypergraphs

3.1 Introduction

Of the different types of problems related to edge-connectivity, the one that is described in
greatest detail in the thesis is edge-connectivity augmentation. In general, a connectivity
augmentation problem consists of optimally augmenting a (hyper)graph or a directed (hy-
per)graph by adding new edges, so as to meet a specified connectivity requirement. The
optimality of the augmentation can be defined in several ways: the added (hyper)edges
should satisfy a degree specification on the node set, the number of added edges should
be minimized, or the cost of the added edges should be minimized according to some cost
function. Usually we will consider the first two types of criteria; in many cases these

problems are solvable, while the corresponding minimum cost augmentation is NP-hard.

In this chapter, we describe edge-connectivity augmentation problems for undirected
hypergraphs. After a short introduction on graph edge-connectivity augmentation, we
introduce different kinds of objectives that can be prescribed in a hypergraph augmentation
problem, and cite the relevant known results. We also show how the covering of certain
types of set functions relates to edge-connectivity augmentation. Finally in Section B.4 we
prove a common generalization of the result of Benczir and Frank [9] and of Fleiner and
Jordan [20]. The result (taken from [51]) implies a formula and an algorithm for minimum

cardinality k-edge-connectivity augmentation using uniform hyperedges.

47
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3.1.1 Edge-connectivity augmentation of graphs

Initial deep results on the edge-connectivity augmentation of graphs are due to Lovész
[65] and to Watanabe and Nakamura [[71], on the minimum number of edges needed to
be added to a graph to make it k-edge-connected (this is called the minimum cardinality

problem). Watanabe and Nakamura gave the following characterization:

Theorem 3.1 (Watanabe, Nakamura [71]). Let Gy = (V, Ey) be a graph, and k > 2

an integer. Go can be made k-edge-connected by adding at most v new edges if and only if

Z(k —dg,(Z)) <2y for every subpartition F of V.
ZeF

Not that the theorem does not hold for £ = 1, but in that case even the minimum cost
problem is solvable in polynomial time. For £ > 2 the minimum cost problem is NP-
complete. Watanabe and Nakamura showed that a minimum cardinality augmentation
can be obtained in polynomial time by repeatedly increasing the edge-connectivity of the
graph by one using the minimum number of edges. However, this algorithm is not strongly
polynomial.

Frank [29] gave the first strongly polynomial algorithm for this problem. The algorithm

relies on the following result concerning degree specified augmentation:

Theorem 3.2. Let Gy = (V, Ey) be a graph, k > 2 an integer, and m : V — Z, a degree
specification such that m(V') is even. There is a graph G such that dg(v) = m(v) for every
v €V and Gy + G is k-edge-connected if and only if

m(X) >k —dg,(X) forevery#£X CV.

Furthermore, Frank proved in [29] that the local edge-connectivity augmentation of
graphs (i.e. when for every pair u,v € V there is a local edge-connectivity requirement
r(u,v)) can also be solved in strongly polynomial time. These proofs use the so-called
splitting-off technique to solve the degree specified problem. Splitting off at a given node
s € V means deleting edges st; and st,, and adding a new edge t1t2. A sequence of splitting-
off operations that isolate the node s is called a complete splitting at s. The splitting-off
operation was originally introduced by Lovész [65] and subsequently developed further
by Mader ([68], [59]) and others. Here we cite the result of Mader [568] on splitting-off

preserving local edge-connectivity.

Theorem 3.3 (Mader [58]). Let G = (V + s, E) be a connected graph, where d(s) # 3
and there is no cut-edge or loop incident to s. Then there are edges st; € E and sty € E
such that for the graph G' = (V, E — {st1, sta} + {tita}), A (u,v) = Ag(u,v) for every
u,v e V. O]
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3.1.2 Additional requirements

Many interesting results on edge-connectivity augmentation concern problems where there
are additional requirements for the obtained graph besides prescribed connectivity. We
cite a few results of this type.

It was proved in [47] that deciding whether there is a complete splitting-off at a specified
node of a given simple graph that preserves simplicity is NP-complete. However, Bang-

Jensen and Jordan were able to prove the following:

Theorem 3.4 (Bang-Jensen, Jordan [3]). For any fized k, there is a polynomial algo-
rithm that computes the minimum number of edges to be added to a given simple graph to

make it k-edge-connected, while preserving simplicity.

Bang-Jensen, Gabow, Jordan, and Szigeti proved that the problem of finding a minimum
cardinality augmentation where the new edges are cross-edges of a given partition is solvable

in polynomial time:

Theorem 3.5 (Bang-Jensen et al. [1]). Let Gy = (V, Ey) be a graph, k a positive in-
teger, and F a partition of V. An edge is allowed if its two endpoints are in different
members of F. It is possible to find in polynomial time the minimum number of allowed

edges whose addition to Gy results in a k-edge-connected graph.

As a special case, given a bipartite graph, one can find the minimum number of edges
whose addition results in a k-edge-connected bipartite graph.
Given a planar graph G = (V' +s, F), one can ask whether there is a complete splitting-off

at s that preserves planarity. Nagamochi and Eades [60] obtained the following result:

Theorem 3.6 (Nagamochi, Eades [60]). Let k = 3 or k be an even integer, and let
G = (V + s,E) be a planar graph that is k-edge-connected in V. Then there ezists a
complete splitting-off at s such that the resulting graph is k-edge-connected in V' and planar.

Recently, Jordan [48] devised a method for solving the simultaneous edge-connectivity

augmentation of two graphs by the same edge set:

Theorem 3.7 (Jordan [48]). Let Gy = (V,Ey) and Gy = (V, Es) be graphs, and k,l
positive integers. It is possible to find in polynomial time a minimum cardinality edge set
E for which the graph G, = (V, E1+ E) is k-edge-connected and the graph G = (V, s+ E)

15 [-edge-connected.

The method used in the solution of this problem is based on the structural characteri-
zation of non-splittable pairs of edges. This characterization also gives a simpler proof of

the result of Nagamochi and Eades [60] on planarity-preserving splitting-off.
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3.1.3 Hypergraphs: various objectives

Edge-connectivity augmentation problems for hypergraphs have been less intensively stud-
ied than their graph counterparts. However, some recent results have shown that they
are also worthy of interest. In [I1], Cheng gave a formula on the minimum number of
graph edges that can be added to an initial (k — 1)-edge-connected hypergraph so that
the resulting hypergraph is k-edge-connected; Bang-Jensen and Jackson [?] extended this
result to the case when the initial hypergraph can be arbitrary. More general frameworks,
involving the covering of set functions or of families of sets, were proposed by Benczir
and Frank [9] and Fleiner and Jorddn [20]. Szigeti [69] solved the local edge-connectivity
augmentation problem for hypergraphs when the aim is to minimize the total size of the
added hyperedges.

These results show that the objective of minimizing the number of new edges, which we
used in the graph case, can be generalized in various directions. In the rest of the chapter
we address these possibilities. Of course minimizing the number of new hyperedges is in
itself an uninteresting question, since it is always best to use hyperedges containing the
whole ground set. One alternative is to consider instead the total size (the sum of the
sizes) of the hyperedges; another is to constrain the size of the added hyperedges.

In the following sections we cite the known results about these objectives. We also
describe the generalization studied in [9] and [6Y], that involves covering certain types
of set functions by a hypergraph. The chapter is concluded by a new result on covering
symmetric crossing supermodular functions by uniform hypergraphs, which extends results
in [20] and [9].

3.2 Minimum size augmentation

3.2.1 Local edge-connectivity requirements

Let us first consider the objective of minimizing the sum of the sizes of the added hyper-
edges, called the total size. It turns out that in some sense this problem is actually easier
then graph edge-connectivity augmentation. Local edge-connectivity augmentation can be
solved, and it does not require tools as sophisticated as Theorem B.3 of Mader.

Let r : V2 — Z, be a local edge-connectivity requirement function for which r(u,v) =
r(v,u) and r(v,v) = 0 for every u,v € V. For aset X C V, let R(X) := max{r(u,v) :
u€ X, veV — X} Szigeti [69] proved the following:

Theorem 3.8 (Szigeti [6Y]). Let Hy = (V,&) be a hypergraph, and r a local edge-

connectivity requirement function like above. There is a hypergraph H with hyperedges of
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total size o such that Ag, 4 (u,v) > r(u,v) for every u,v € V if and only if 3, (R(Z) —
du,(Z)) < o holds for every subpartition F of V.

The proof also yields a polynomial-time algorithm for the solution.

3.2.2 Covering skew supermodular functions

In the above problem, finding an augmenting hypergraph with minimum total size amounts
to finding a hypergraph of minimum total size that covers the set function R(Z) —dpy,(Z).
As it was mentioned in Section B.3, this set function is symmetric and skew supermodular.
So a natural generalization of the augmentation problem is to find a hypergraph with min-
imum total size that covers a given symmetric skew supermodular set function. Actually

it was this problem that was solved by Szigeti:

Theorem 3.9 (Szigeti [6Y]). Let p : 2V — Z be a symmetric skew-supermodular set
function. There is a hypergraph H with hyperedges of total size o that covers p if and only
if 0 2% ,crp(Z) for every subpartition F of V.

Note that the symmetry of p is not crucial: if p is skew supermodular, then the set

function p'(X) := max{p(X),p(V — X)} is symmetric and skew supermodular.

3.3 Augmentation using graph edges

An alternative to minimum total size is to consider minimum cardinality augmentation,
but with a constraint on the size of the added hyperedges. The most simple case is when

we allow only the addition of graph edges.

3.3.1 NP-completeness of local edge-connectivity augmentation

As we indicated, there is a polynomial algorithm for local edge-connectivity augmentation
of hypergraphs with a minimum total size of hyperedges. It was also mentioned that using
Theorem B.3, local edge-connectivity augmentation of graphs using a minimum number
of edges is solvable. Though this raised hopes that the minimum cardinality problem for
hypergraphs, i.e the minimization of the number of new graph edges added to the initial
hypergraph, might also be tractable for local edge-connectivity augmentation, it turned
out that this problem is NP-complete. NP-completeness was proved by Cosh, Jackson,

and Z. Kiraly for the following special case:
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Theorem 3.10 (Cosh et al. [12]). Let Hy = (V,&) be a connected hypergraph, F a
partition of V', and v a non-negative integer. The following problem is NP-complete: decide
whether there exists a graph G = (V, E) with v edges such that Agy+c(u,v) > 2 whenever

uw and v are in the same member of F.

3.3.2 Global edge-connectivity requirement

When considering k-edge-connectivity augmentation, there is another type of difference in
difficulty between graph augmentation and hypergraph augmentation using graph edges.
Namely, Watanabe and Nakamura [71] proved that in the graph case there is always a
minimum cardinality augmentation which can be obtained by a series of augmentations
which optimally increase the edge-connectivity of the graph by 1. However, Benczur and
Cheng have shown that it is not always possible to do this for hypergraphs.

In [IT], Cheng gave a formula on the minimum number of graph edges that can be added
to an initial (k — 1)-edge-connected hypergraph such that the resulting hypergraph is k-
edge-connected. Bang-Jensen and Jackson [2] extended this result to the case when the
initial hypergraph can be arbitrary. Let ¢(H) denote the number of connected components

of the hypergraph H. The min-max theorem is the following:

Theorem 3.11 (Bang-Jensen, Jackson [2]). Let Hy = (V, &) be a hypergraph, and k
a positive integer. There is a graph G with v edges such that Hy 4+ G is k-edge-connected
if and only if the following hold:

2y > Z(k —dp,(Z)) for every sub-partition F of V, (3.1)
ZeF
v>c(Hy— &) —1 for every & C &y for which |E)] =k — 1. (3.2)

Bang-Jensen and Jackson used a splitting-off technique which is much more complicated
then the one of Lovasz [b4] or Mader [hY], but it still gives rise to a polynomial-time

algorithm.

3.3.3 Covering symmetric supermodular functions by graphs

For a hypergraph Hy we can define the set function p(X) := k—dp,(X)if 0 # X C V, and
p(0) = p(V') := 0. The k-edge-connectivity augmentation of Hy by graph edges corresponds
to the covering of p by a graph. The set function p is symmetric and crossing supermodular
(and (p)* is positively crossing supermodular). The result of Bang-Jensen and Jackson
was generalized in this direction by Benczir and Frank in [d], where they considered the

minimum number of graph edges that can cover a given symmetric, positively crossing



Section 3.4. Covering by uniform hypergraphs 53

Figure 3.1: A p-full partition with respect to p = 3—dp,: the components after the deletion
of 2 hyperedges

supermodular set function. This more abstract setting provided a better insight into the
combinatorial structure underlying the augmentation problem.

If there is a partition F = {V4,...,V;} such that p(U;e;V;) > 0 for every ) # I C
{1,...,1}, then the number of edges of the covering graph is at least [ — 1, since the edges
must connect the members of the partition. Such partitions are called p-full and they play
an important role in the solution of the problem. For example, when p(X) = k —dp,(X) if
() # X C V, then the components considered in (B.3) form a p-full partition (as illustrated

on Figure B.1). Benczur and Frank proved the following theorem:

Theorem 3.12 (Benczir, Frank [9]). Let p : 2V — Z, be a symmelric, positively
crossing supermodular set function. There is a graph with v edges that covers p if and
only if the following hold:

2y > Z p(Z)  for every partition F of V., (3.3)
ZeF
v > |F| =1 for every p-full partition F. (3.4)

The core of the proof is an extension of the splitting-off operation to this abstract setting,
in order to provide a solution for the corresponding degree-specified problem. Note that in
this theorem, in contrast to the skew supermodular case, the requirement of symmetry is
important: one cannot make a non-symmetric p symmetric by taking max{p(X), p(V —-X)}

because this set function is not necessarily positively crossing supermodular.

3.4 Covering by uniform hypergraphs

3.4.1 Covering symmetric crossing families

Another generalization of Cheng’s result due to Fleiner and Jordén [20] concerns the cov-

ering of symmetric crossing families by uniform hypergraphs. This includes the problem
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of adding v-hyperedges (for a fixed v) to a (k — 1)-edge-connected hypergraph to make it
k-edge-connected. A hypergraph H covers a family C if dy(X) > 0 for every X € C. A
family C of sets is crossing if for any two crossing sets X, Y € C, X NY and X UY are in
C. Note that if C is also symmetric, then X —Y and Y — X are in C as well. If we define
p(X) :=1if X € C and p(X) := —o0 otherwise, then p is crossing supermodular.

If a hypergraph Hy is (k — 1)-edge-connected, then the sets ) # X C V for which
k —dp,(X) =1 form a symmetric crossing family, and a hypergraph H covers this family
if and only if Hy + H is k-edge-connected.

A partition F = {V4,...,Vi} is called a full partition if U;c;V; € C for every () # I C
{1,...,1}. In other words, it is full if it is p-full for the set function p defined above. Fleiner

and Jordén proved the following theorem:

Theorem 3.13 (Fleiner, Jorddan [20]). Let C be a symmelric crossing family on the

ground set' V', and v > 2 an integer. Then C can be covered by v v-hyperedges if and only
of

vy > max{|F|: F CC, F is a subpartititon of V'},
and

(v — 1)y > max{|F| —1: F is a full partititon}.

Note that the covering by v-hyperedges is equivalent to the problem of covering by
hyperedges of size at most v, since one can always take hyperedges of maximal size. The
proof of Fleiner and Jordan is different from the proofs of the results cited previously, in
that it does not solve a degree-specified result using some splitting-off technique, instead

it depends on an analysis of the structure of symmetric crossing families.

3.4.2 Covering symmetric supermodular functions by uniform

hypergraphs

The main result of this chapter is a common generalization of the above mentioned results
in [9] and [20] (Theorems B.12 and B.13), based on the approach of Benczir and Frank. We
give a min-max formula on the minimum number of v-hyperedges that can cover a given
symmetric, positively crossing supermodular set function. As in [9], the substantial part of
the proof is a solution of the degree-specified problem (i.e. when the degree of each node
v € V is a prescribed value m(v)), which then easily leads to a min-max formula on the

minimum number of new hyperedges needed.
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Figure 3.2: Repeated uncrossing

Let p: 2V — Z, be a symmetric, positively crossing supermodular set function. It was
remarked in Chapter [ that in this case inequality (B.9) holds for every pair (X,Y") for
which p(X) >0, p(Y) >0, and X —Y and Y — X are non-empty.

Another tool related to supermodularity that we will use is repeated uncrossing (Figure
B.2). Let Zi,...,Z; be subsets of V such that p(Z;) > 0 (i = 1,...,1), U_,Z; # V,
Zia N(U_,Z)# 0, and p(Z;41 N (U_,Z)) <1 (j=1,...,1—1). Then by using (2.9) we
get

p(UiniZi) = p(UiZiZe) +p(Z) - 1, (3.5)
and by induction
' !
p(U_1Z;) > p(U_1 Z;) + Z p(Zi) = (L= J), (3.6)
i=j+1
!
pUiZs) =) p(Z) = (1= 1), (3.7)
i=1

Let v > 2 be an integer, and m : V — Z, a degree specification such that v divides
m(V). First we consider the problem of finding a v-regular hypergraph satisfying this
degree-specification that covers the set function p. There is an obvious lower bound on
m(V') that was implied implicitly by the conditions of Theorems B.12 and B.13, but needs
to be stated explicitly here: the number of new hyperedges must be at least maxxcy p(X).

As in Theorem B.13, there will be a condition featuring p-full partitions. We call a
partition F = {Vi,..., V;} p-full if | > v and

p(UiesVi) >0 forevery 0 A1 C{1,...,1}. (3.8)

We always assume that the partition members are indexed so that m(V;) < m(V5) < --- <
m(V;). Suppose that a v-uniform hypergraph covers p. If we contract the sets V;,..., V],

then the contracted hypergraph (which is still v-uniform since multiplicities are taken into
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account) must be connected, therefore it needs to have at least % hyperedges. A p-full

partition is called a deficient partition if
-1 mV
> ( )

v—1 v

Theorem 3.14. Let p : 2V — Z, be a symmetric, positively crossing supermodular set
function, v > 2 an integer, and m : 'V — Z, a degree specification such that v | m(V).
There is a v-uniform hypergraph H covering p such that dg(v) = m(v) for every v € V if

and only if the following are true:

m(X) > p(X) for every X CV, (3.9)
Vv
m(V) > p(X)  for every X CV, (3.10)
v
There are no deficient partitions. (3.11)

Proof. The necessity of the conditions is easily verifiable. We prove sufficiency using in-
duction on |V| +m(V). If m(V) = v, conditions (B.9) and (B.10) are clearly sufficient, so
we can assume that m(V) > 2v. A v-uniform hypergraph is called feasible if it matches
the degree specification and covers p. First we show that if there is a set X C V such that
m(X) = p(X) =1and |X| > 1, then there exists a feasible hypergraph. The contraction
of X leads to a modified problem: V' :=V — X + vy, m/(v) := m(v) if v € V' — vy,
m'(vx) =1, p(Y):=pY)ifvy ¢ Y,and p'(Y) := p((Y —vx)UX) if vy € Y. Conditions
(B-9)—(B-11) are satisfied by m’ and p', and p’ is symmetric and positively crossing super-
modular, so by induction there is a v-uniform hypergraph H' = (V'  £’) with degree vector
m’, that covers p’. This hypergraph naturally defines a v-uniform hypergraph H = (V,€)
with degree vector m; we claim that H covers p.

Suppose that some Y C V is deficient, i.e. dg(Y) < p(Y). Then p(Y) > 1 and
m(Y) > 2,s0 Y ¢ X. Furthermore, Y must separate X, otherwise there would be a
corresponding deficient set in the contracted problem. If m(X NY) > 0, then we may
assume that V — (X UY) # 0, because otherwise 0 = m(X —Y) < p(Y) = p(X = Y).
Using (2.2), p(XUY) > p(X)+p(Y)—p(XNY) >p(Y) >du(Y) =dug(XUY),s0o XUY
would be deficient. If m(XNY) =0, then p(Y —X) > p(X)+p(Y)—p(X =Y) > pY) >
dy(Y) =dy(Y — X) according to (B.9), so Y — X would be deficient.

From now on it is assumed that if m(X) = p(X) = 1 for some X C V, then |X| = 1;
these singletons are called special singletons. The set of special singletons is denoted by 5,
and it is considered as a subset of V.

We define an operation called splitting-off, which is an analogue of the splitting-off
operation for graphs. A v-hyperedge e can be split off from (p,m) if |e N v| < m(v) for
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every v € V. For such a hyperedge let

mf(v) := m(v) — l[eNv], (3.12)
“(X) = (p(X)—1)* if e enters X, (3.13)
P ' p(X) otherwise. .

We say that (m®, p°) is obtained from (m, p) by splitting off the hyperedge e. A splitting-off
operation is feasible if (B.9), (B-10), and (B.11]) are true for m® and p®. It is easy to see that
p¢ is symmetric and positively crossing supermodular; so after the execution of a feasible
splitting-off, by induction there exists a v-uniform hypergraph H’ with degree vector m®

that covers p° . By adding the hyperedge e to H' we obtain a feasible hypergraph H.

The rest of the proof consists of showing that a feasible splitting-off always exists. We

define the following families of sets:
By ={0#A#XCV: m(X)—pX)<v—-2, pY)<pX)VY C X},
By ={XCV:mX)—pX)=v—-1, p(X) >0, p(Y) <p(X) VY C X},

By :={X CV: pX)= @, p(Y) < m(V) VY C X}

v
Let e be a v-hyperedge that can be split off, and suppose that m¢ and p° violates (B.9)

because there is a set X entered by e such that p(X) — 1 > m(X) — |e N X|. Notice that
m(X’) —lenN X' <m(X) — |en X| for every X’ C X. Thus there must be a set X’ € B;
such that X’ C X and p(X') — 1 > m(X’) — |eN X’|. Similarly, if m® and p° violates (B.9)
because there is a set X such that e C X and p(X) = m(X) — (v — 1), then either there is
a set X’ € By such that X’ C X and e C X', or there is a set X’ € B; such that X' C X
and p(X’) — 1> m(X') —|en X|.

A similar argument shows that if m¢ and p° violate (B.g) then there is a set X € Bj such
that e C V — X. We obtained the following:

Claim 3.15. The inequalities (3.9) and (3-10) hold for m¢ and p® if and only if

leNX| <m(X)—p(X)+1 forevery X € By, (3.14)
leNX|<v—1 forevery X € B, (3.15)
leNX|>1 for every X € Bs. (3.16)

Furthermore, if m¢(X) < p®(X) for some X, then there is a subset X' of X such that
either X' € By and it violates ([3.14), or X' € By and it violates ([5.19). O

In order to formulate necessary and sufficient conditions for m¢ and p® to satisfy (B.11]),
we call a p-full partition {Vi,...,Vi} critical if
I—1  m(V)

v—1 v
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For a partition F, let s(F) denote the number of special singleton members of F. A critical

partition F is called proper if s(F) > 3. Critical partitions have the following properties:

Claim 3.16. If F = {V4,...,Vi} is a critical partition, then 21 —2 > m(V), thus s(F) >
m(V}). In particular, s(F) > 2 for every critical partition, and the partition is proper if
m(Vi) > 3.

Proof. The partition is critical and @ is an integer, so

— v
< 1) =2 l—v—-—1)<
m(V)_I/(V_l—l—) 1/+V_1( v—1)<
<2v42(l—-v—-1)=21-2,
since p-fullness implies that [ > v. O

Claim 3.17. A partition {Vi,...,Vi} is critical if and only if | > v, % > @ -1,

p(Vi) =1, and p(Vi UV;) > 1 (i = 2,...,1). If the partition is critical and U is the union
of some partition members such that Vi CU and VoNU =0, then p(U) = 1.

Proof. Let {V1,...,V;} be a partition with the above properties, and let U = U;c;V; where
1 €I and |I| <I—1. We can use inequality (B.1) for the sets {VUV; : i € I} to show that
p(U) > 0. The symmetry of p implies that p(V — U) > 0 for all such U, so the partition is
p-full. If V4 CU and VaNU = 0, then (B.G) gives 1 = p(V1) < p(U) <p(V -V,)=1. O

Claim 3.18. Let e be a v-hyperedge which satisfies (3.14)-(5.14). Then m® and p° satisfy
(G-11) if and only if

e & X for any member X of any proper critical partition. (3.17)

Proof. If e C X for a member X of a critical partition, then the partition remains p-full
after the splitting off of e, hence the partition becomes deficient. To see the converse,
observe that only critical partitions can become deficient partitions after the splitting-off.
If e & X for every member X of a given critical partition F, then it is easy to see that
there exists a set U entered by e which is the union of some members of F including
exactly 1 special singleton member. According to Claim B.I7, p(U) = 1, so p¢(U) = 0 and
F is not p-full after the splitting-off. It remains to show that if e C X for a member X
of a non-proper critical partition, then some set violates (B.14) or (B.15). But m(X) < 2
according to Claim B.16, so 0 = m*(X) < p(X) = p*(X) which by Claim B.15 implies that
(B-14) or (B.17) is violated for some subset of X. O
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It suffices to show the existence of a v-hyperedge e for which x. < m and which satisfies

(B-14), (B.19), (B.1d), and (B.17). First we consider only (B.14) and (B.16):

Q:=fee€Zl: x.<m; le| =v;
leNX| <m(X)—p(X)+1VX € By; [enX|>1VX € Bs}.
Observe that p(X) > 0 for every X € By U By U Bs, so inequalities (2.2) and (B.9) can
be used for these sets.

Claim 3.19. The family By U Bs is laminar. The sets in Bs are pairwise disjoint, and if
X € By andY € Bs are not disjoint, then X C Y.

Proof. f X)Y € BiUB;3, and X — Y)Y — X, X NY # (), then p(X) < p(X —Y) or
p(Y) < p(Y — X) by (.9), which contradicts the definition of B; and Bs. If X € By and
Y € B3, then p(Y) > p(X), so Y ¢ X according to the definition of B;. O

Claim 3.20. @ is non-empty.
Proof. We use the following algorithm to find an element e of Q:
1. Construct a hyperedge €’ by choosing one node from every X € Bs.

2. Fix an arbitrary ordering of the nodes of V', and consider them one by one. Increase
the multiplicity in e’ of each node to the maximum value with which the obtained

hyperedge does not violate conditions of type (B.14) and its size is at most v.

It follows from Claim B.T9 that this algorithm finds a hyperedge e € @ if and only if the
following hold:

(i) |Bs| <,
(it) m(V — Ul X)) + 30 (m(X;) — p(X;) +1) > v for every sub-partition {X7, ..., X;}.

The first condition holds since m(X) > @ for every X € Bs, and they are disjoint by
Claim B.I9. The second condition is clearly true if ¢t > v. If t < v, then m(V — UX;) +
S (m(X) = p(X) +1) > m(V —UX;) + S (m(X,) = 2 4 1) = (v — )™ ¢ > p, the

last inequality being valid because m(V) > v. ]

Obviously, if a v-hyperedge e can be feasibly split off, then it is in ). The converse is

generally not true; however, it turns out to be true when Bz # (I

Lemma 3.21. If B3 # (), then any v-hyperedge e € (Q can be feasibly split off.
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Proof. Let X € B3 and e € (). First suppose that there is a set Y € By such that e C Y.
Then X NY # (), and one of X —Y and Y — X is empty, otherwise (2.9) would imply
that either p(X —Y) > p(X) or p(Y — X) > p(Y), contrary to the definition of Bs and
By. If Y C X, then there is a set X’ € B3 such that X’ CV — X CV —Y because of the
symmetry of p; if X C Y, then Y € By implies that p(V —Y) =p(Y) > p(X) = @, SO

B3 would again contain a set X’ C V' — Y. This is impossible since e € (), which requires
len X'| > 1.

Now suppose that a proper critical partition F = {Vj,...,V;} becomes deficient after
the splitting-off. Since B3 contains at least two disjoint sets, it contains a set Z that
is disjoint from at least two special singleton members of F, say Vi and V. First we
show by using inequalities (.Z) and (B.9) that a member of F cannot separate Z. If V;
separates Z, then p(Vi UV; — Z) > p(Vi UVQ) + p(Z) — p(Z — Vi) > p(i UV)) = L.
Let U :=V =V, = Vy; then p(UU Z) > p(U) +p(Z) —p(ZNU) > p(U) = 1. Thus
1=p(V;UU)>p(Vi UV, —Z)+p(UUZ)—p(Vy) > 1, a contradiction.

We can conclude that there is a partition member V; such that Z C V;. This implies
me(V;) > me(Z) > p(Z) = melfv), som*(V)>1l—-1+ %(V) But then =% < melEv)’ so F

could not become deficient after the splitting-off. O

By Claim B.20 and Lemma B:2T we may assume that B; = (). To handle condition
(B-17), we will use some information about the structure of proper critical partitions. This
information is based on an auxiliary graph G defined on the special singletons: G = (S, F),
where wv € F' if and only if p({u,v}) = 1. Note that by Claim B.I7 the special singleton

members of a proper critical partition form a clique in G.

Claim 3.22. If X € By and | X| > 2, then dg(X) = 0.

Proof. Suppose that uv is an edge of G such that u € X, v ¢ X. Then by (2.9), p(X —u) >
p(X) + p({u,v}) — p(v) = p(X), which contradicts X € B;. O

Claim 3.23. FEwvery proper critical partition F = {Vi,...,Vi} can be refined by separating
some special singletons in such a way that the resulting proper critical partition Fg (the

S-refinement of F) has the following properties:
o [fda(X) >0 for a member X € Fg, then X is a special singleton,

o The set of special singleton members of Fs defines a component of G that is a clique

(which we call the S-clique of F ).
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Figure 3.3: The S-refinement of F (and the auxiliary graph G)

Proof. We prove that if there is an edge uv of G such that u € V;, v ¢ V; for some non-
singleton partition member V;, then a critical partition is obtained if we replace V; in F
by {u} and V; — u. F is proper, so we can assume that v # V; and v # V5. According to
Claim B.I7, we have to show that p(V; UV; —u) > 0 and p(V} +u) > 0.

By Claim BI7, p(Vi UVi) = 1, so p(Vi UV; — u) > p(Vi UV;) + p({u,v}) — p({v}) = 1.
Similarly, p(VoUV; —u) > 1; thus p(Vi +u) > p(ViU Vi) + p(Vo UV, —u) —p(V2) > 1. As a
consequence, the replacement of V; by {u} and V; — u results in a proper critical partition.

By repeating this step as many times as possible, we obtain a proper critical partition

Fs with the required properties. O

Among the components of GG that are cliques, let K* C S be one of maximal size. The
idea behind the next steps of the proof is that a member of a critical partition cannot
contain too many nodes of K* because then the S-refinement would be deficient; therefore
we try to choose our splittable hyperedge e so that it would contain many nodes of K*.

More precisely, we first choose a (v — 1)-hyperedge €’ using the following algorithm:
1. Fix an ordering vy, ..., v, of the nodes of V' such that the nodes of K* come first.

2. Consider the nodes one by one in the order vy, ..., v,. Let the multiplicity of v; in €’
be the maximum value with which the hyperedge defined so far on {vy,...,v;} does

not violate conditions of type (B.14) and its size is at most v — 1.

Let W:={v €V :m(v) > |¢ Nv|}. Analogously to the proof of Claim B.20, it is easy to
see that the size of €’ is v — 1, and there is node w € W such that ¢ + w € Q. We will
show that actually there exists a node w € W such that the v-hyperedge e = ¢’ + w can
be feasibly split off.

Lemma 3.24. If w € W, and the splitting off of the hyperedge e = €' + w results in a
deficient partition, then either inequality (5.14) or inequality (5.13) is violated.
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Proof. We can assume that |K*| > 3, otherwise there are no proper critical partitions.
Claim B.22 implies that K™ is either disjoint from or subset of any non-singleton set in By,

so the construction of €’ gives that |¢/ N K*| is the minimum of the following three values:

K7, (3.18)
v—1, (3.19)
K*rgn)i(rélg1 (m(X) —p(X)+1). (3.20)

Suppose that a proper critical partition F becomes deficient after the splitting off of e.
Let V; be the member of F for which e C V;; then |[K*NV;| > [N K*| > 0. If K* CV;
and m(V; — K*) > 0, then s(F) < m(V;), given that by Claim B.23 the special singleton
members are in the same component of G whose size is at most |K*|. This contradicts the
criticality of F according to Claim B.1G.

If K* C V; and m(V; — K*) = 0, then the set Z := {v € V; : v € e} is a subset
of K*, hence p({u,v}) = 1 for every u,v € Z. Let v € Z; by using (B.7) on the sets
{{v,u} : v e Z — v} we get that p(Z) > 0. But then m¢(Z) < p(Z), so by Claim B.1j a
subset of Z violates (B.14) or (B.13).

Now suppose that K* ¢ V;, and let Fg denote the S-refinement of F. By Claim B.23,
K* is the set of special singletons that are members of Fg (and thus the special singleton
members of F are in K*). If ¢ C K*, then there are at least ¥ — 1 nodes in V; that
are special singleton members of Fg, so uis_';l > ‘f|+l(,”__11)_1 > Ifl_—ll +1> @ by the
criticality of F, which means that Fgs would violate (B.11)).

If |¢ N K*| is determined by (B.20), then there is a set X € B; such that K* C X,
Vi< X, and |[K*NV;| > m(X) —p(X)+ 1. Let U denote the union of the members of
F — {Vi} that are not special singletons. Then s(F) = |[K* —U| — |[K*NV;| < |K* —
U —m(X)+p(X) -1 < p(X) —m(X NU). By Claim B.If, this would imply that
m(V;) < p(X) —m(X NU); we show that this is impossible. If U C X, then m(V;) >
p(Vi—=X)=p(V-X)=p(X) >p(X)—m(XNU). U ¢ X, then by using (2.2) on X and
V1 UU we get that m(V;) > p(V; — X) =p(UUX) > p(X)+p(V1UU) —p(XN(VLUU)) >
p(X)+1-—m(XN(VLUU))=p(X)—m(XNU). O

Lemma .24 implies that condition (B.17) can be ignored when choosing an appropriate
node w € W. We have already seen that e = ¢ + w € @) is a necessary condition for the
feasibility of the splitting-off. In addition to that, e Z X must hold for every set X € By;
however, if ¢ Z X or there is a set Y € By such that X CY and m(Y) —p(Y) = v — 2,
then this automatically follows from e = ¢ +w € Q. So we call a set X € By critical if
¢/ C X and thereisno Y € B such that X C Y and m(Y) —p(Y) = v —2. A v-hyperedge
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e = €/ +w can be feasibly split off if and only if e € ) and there is no critical set containing
w. Since € was chosen so that ¢/ +w € @ for at least one w € W, we can assume that

there is at least one critical set in Bs.

Claim 3.25. Let X € By be a critical set. If Y € By, then one of X NY, X =Y, and
Y — X isempty. I[fweW —X, thene +w € Q.

Proof. If X € By, Y € By, and XNY, X —Y,Y — X are non-empty, then p(X —Y) < p(X)
and p(Y —X) < p(Y) by the definition of B, and Bs, which contradicts (2.9). If w € W —X,
then ¢’ +w € @ unless there is aset Y € By such that w € Y and |[¢/NY| = m(Y)—p(Y)+1.
But then X NY # (), so X C Y, which contradicts the criticality of X. O

Suppose indirectly that every w € W is in a critical set. Consider a family Z =
{Z1,...,Z;} of maximal critical sets, such that every w € W is in at least one of them, and
the family has minimal number of members. The following sequence of claims demonstrates

that the existence of such a family leads to a contradiction. Let Z := Nl_,Z;.

Claim 3.26. If i # j, then m(Z; N Z;) = m(Z) = v — 1, and p(Z;)) = m(Z; — Z) =

Proof. We know that m(Z; N Z;) > m(Z) > |¢ N Z| = v — 1. Since Z; € By, we have
p(Z) = m(Z:) — (v —1), s0 () gives that 0 < p(Zi — Z;) + p(Z; — Z2) — p(Zs) — p(Z;) <
m(Z; — Z;) +m(Z; — Z;) — p(Z;) — p(Z;) = 2(v — 1) — 2m(Z; N Z;). This is possible only
if equality holds throughout, so m(Z; N Z;) = v — 1, and m(Z; — Z;) = p(Z; — Z;). n

Clearly |Z] > 2 and ™) > 2 since m(V — Z;) > 0 for every i. Suppose that |Z| = 2.

v

Then p(Zy) = m(Z, — Zs) = m(V — Zy) > p(Zs) and vice versa, so p(Z1) = p(Za) =

m(Zy — Zy) = m(Zy — Z1) = % This value can be integer only if v > 3, but then
m(V) < mV)—r-1)

v —

= p(Zy), contradicting B = (). Therefore we may assume that |Z| > 3.

Claim 3.27. Ul_,Z; =V, Z;— Z is a special singleton for every i, and p(Z;UZ; —Z) > 0

for every i, j.

Proof. For a set of indices I C {1,...,t}, let Uy := UsesZ;. We have seen that p(Z;) =
m(Z; — Z) for every i. If X is a subset of V' for which m(X) = [¢ N X| = v — 1,
then p(X) < m(X) — |¢ N X|+ 1 = 1. In particular, this holds for every Z C X C
Uiz (Z; N Z;). Thus we get from (B.7) that p(U;) > m(U; —Z) — (|I| = 1) > 0if Uy # V.
For I := {1,...,t} this implies that U!_,Z; = V| since p(U'_,Z;) < m(V — U!_,Z;) = 0.
Now let I := {1,...,t} — {ip}, where iy is chosen so that m(Z;, — Z) is minimal. Then
m(Zi, — Z) > p(Ur) > m(Uy — Z) — (t — 2). Since |Z| > 3, this is only possible if
m(Z; — Z) = 1 for every i. Thus Z; — Z; is a special singleton for every ¢ # j, which
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implies that Z; — Z is a special singleton for every . Finally, if ¢ # j, then by setting
I:={1,...,t} —{i,j}, we obtain p(Z; U Z; — Z) = p(U;) > 0. O

Claim 3.28. F :={Z,7Z, — Z,...,Z, — Z} is a proper critical partition.

Proof. The partition has size | = m(V) — (v — 1) +1 > v + 2 since m(V) > 2v, so
s(F) > v+1, and &=L = mV)-(w-l) m(VV) — 1. If X is the union of two partition

v—1

members, then Claim B.27 implies that p(X) > 0; therefore F is a proper critical partition
by Claim B.I7. O

F has at least v+ 1 special singleton members. According to Claim B:23, these all belong
to the same component of G that is a clique, therefore |K*| > v + 1. This means that
K* ¢ Z, so K* must be the S-clique of F. The value of |¢/ N K*| is not determined by
(B:20): if K* C X € By, then Z; C X for every ¢ by Claim B.25, which is not possible. It
follows that ¢/ C K*.

To prove that the existence of Z contradicts (B.I1), we consider the S-refinement Fg of
F. The properties of S-refinements stated in Claim B.23 imply that every member of Fg
is a special singleton. However, such a p-full partition would be a deficient partition, since
m) L @ if m(V') > 2v.

v—1
We proved that there is a node w such that the v-hyperedge e = ¢’ + w can be feasibly
split off. This concludes the proof of Theorem B.14. O

3.4.3 Minimum cardinality augmentation

As it is the case with many edge-connectivity augmentation results, the characterization of
the degree-specified problem in Theorem B.T4 can be used in a straightforward way to prove
a min-max theorem on the corresponding minimum cardinality problem. Recall that a
partition {V4, ..., Vi} is called p-full if | > v and p(U;e;V;) > 0 for every § 4 I C {1,...,1}.

Theorem 3.29. Let p : 2V — Z, be a symmetric, positively crossing supermodular set
function, and v > 2 an integer. There is a v-uniform hypergraph with v hyperedges that
covers p if and only if the following hold:

¢
vy > Zp(Xi) for every partition { X1, ..., X}, (3.21)
i=1

v > p(X) for every X CV, (3.22)

> PR if there is a p-full partition with | members. (3.23)
V J—
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Proof. The conditions are clearly necessary for the existence of a v-uniform hypergraph
that covers p. We prove sufficiency for a fixed v. Let m’ : V — Z, be a vector that
satisfies (B.9) such that m/(V') is minimal, and let W := {v € V' : m/(v) > 0}. Then for
every node v € W, there exists a set X for which v € X and m/(X) = p(X); sets with the
latter property are called tight. There is a family of tight sets covering every node v € W
let F be such a family with |F| minimal. If X € F and Y € F are not disjoint, then
X UY =V, otherwise X UY would be tight according to (B.2), which would contradict
the minimality of |F|, as X and Y could be replaced in F by X UY. The symmetry of p
implies that X —Y =V —Y and Y — X =V — X are both tight and m' (X NY) =0, so
X —Y and Y — X cover every node of W. We can conclude that there is always a partition
{Xy,..., X} for which 3>'_, p(X;) = m/(V). It follows from (B.21]) that ry > m/(V).

We can obtain a degree specification m : V — Z, from m’ by increasing m’' on one
arbitrary node by vy — m/(V'). Then m satisfies (B.9), (B.10), (B-11)), and v | m(V'), thus
by Theorem B.14 there exists a v-uniform hypergraph H with degree-vector m that covers
p. The choice of m implies that H has v hyperedges. O

3.4.4 k-edge-connectivity augmentation

As we have already seen, the k-edge-connectivity augmentation of an initial hypergraph
Hy = (V,&) corresponds to the covering of the set function p(X) := (k — dp,(X))*
(0 # X C V). This set function is symmetric and positively crossing supermodular, so
Theorem B.29 is applicable; furthermore, condition (B.23) concerning p-full partitions can
be considerably simplified, as in Theorem B.11. Recall that for a hypergraph H = (V,€),
in(X)=|{e€&: e C X}|, and ¢(H) denotes the number of components of H.

Corollary 3.30. Let Hy = (Vo, &) be a hypergraph, and v > 2 an integer. There is a
v-uniform hypergraph H with v hyperedges such that Hy + H s k-edge-connected if and
only if the following hold:

t
vy > th — Z du,(X;) for every subpartition { X1, ..., X}, (3.24)

i=1
v >k—dy,(X) forevery X CV, (3.25)
(v—1)y > c(Hy— &) — 1 for every & C &y for which |E)| = k — 1. (3.26)

Proof. Compared to Theorem B.29 (applied on the p defined above), the only difference
is that (B.23) is replaced by condition (B.2G). Its necessity follows from the fact that the
components of Hy — &} form a p-full partition if ¢(Hy — &) > v (if 2 < ¢(Hy — &) < v,
then the condition simply requires v > 1).
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We prove sufficiency by showing that if a p-full partition F = {V;,..., V;} violates (B.23)
while conditions (B.24) and (B.24) are satisfied, then an appropriate & violates (B.2G). Let
&} be the set of hyperedges in & that enter at least one member of F, and let H| := (V, &)).
Then dp (U) < k — 1 if U is the union of some (not all) members of F, since F is p-full.
The partition F violates (B.23), so (v — 1)y <l —1<c¢(Hy—&)) — 1.

We claim that |Ej| = k& — 1, which then implies that (B.26) is violated. By (B.24), Ik —
Yoima day (Vi) = 1k = Y21y digy (Vi) < vy < 75(1 = 2) < 21 — 4, from which Yoi_, dpgy (Vi) >
(k —2)l + 4. This implies that |£j| > k — 1, and there are at least 4 members of F (say
Vi, Va, V3, Vi), for which dp; (V;) = k — 1. We can assume that iz (Vi U Va) <iig (V; UVj)
for every distinct 4,5 € {1,2,3,4}.

Ifig (ViUV2) > 0, then dp; (ViUVa) > dpy (Vi) =iy (ViUVa) +igy (VaUVs) +ig: (VoUVL) >
k, contradicting the p-fullness of F. So iy, (V1 U Vz) = 0, in which case there are k — 1
hyperedges in &) that enter each of Vi, V,, and V; UV, Suppose that &) contains a
hyperedge besides these £ — 1, which enters a partition member V;. Then dH(/)(Vl uv;) >k,
which would contradict the p-fullness of F. This proves that |E)| = k — 1. O

3.4.5 Algorithmic aspects

It might be argued that Theorems B.14 and B:29 are not good characterizations, since it
is not possible to check in polynomial time whether a given partition is p-full, hence it
cannot be decided whether it is a deficient partition or not. Indeed, it is well known that
it is NP-complete to decide for given graph G = (V| E) whether there is a set X C V
with dg(X) > k. Let F be the partition of V' composed of singleton members, and let
p(X) = (k—de(X))* for 0 # X C V and p(0) = p(V) :== 0. Now F is a p-full partition
if and only if dg(X) < k for every X C V.

If a partition has at least one member V; with p(V;) = 1, then its deficiency can be checked
using the characterization in Claim B:T7. But in general, deciding whether a partition is
p-full or not is NP-complete. However, it is easy to see that if p(V;) > 2 for every member
of a deficient partition, then at least one of the partition members violates (B.9) (and the
partition violates (B.21]) in case of Theorem B.29). This means that Theorems B.14 and
B.29 give good co-NP characterizations.

The proof of Theorem B.T4 provides a polynomial algorithm for the degree specified
problem if maximizing oracles are available for every set function of the form p — dy,
where H is an arbitrary hypergraph. In this case, a feasible splitting-off operation can be
found in polynomial time using the procedure described in the proof. However, we have to
introduce a kind of “multiple splitting-off” to ensure that the number of splitting-off steps

is polynomial.
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We choose a hyperedge e that can be feasibly split off by the method described in the
proof of Theorem B.14. If m(v) > v for every v € e then the following extended splitting-off

operation may be used:

(x) We determine the maximal p for which e can be feasibly split off 1 times and px.(v) <

m(v) — v+ 1 for every v € e.

Claim 3.31. An extended splitting-off can be executed in polynomial time.

Proof. The degree restriction ensures that condition (B.17) is indifferent when calculating
the number of feasible splitting-off operations, since the auxiliary graph is the same before

each splitting-off. So it suffices to determine the maximal value p for which the following
hold:

uxe(v) <m(v) — (v —1) for every v € e, (3.27)

u(leN X|—1) <m(X) —p(X) for every X entered by e, (3.28)
pr <m(X)—p(X) ifeC X, (3.29)

p< m(yw —p(X) ifeCX. (3.30)

The maximal p for which (B.:29) and (B.30) hold can be determined by the maximizing
oracle. As for (B.28), it suffices to check its validity on the family

{XCV:pY)<p(X)VY C X, eenters X}.
This family can be determined in polynomial time since it is laminar. [

The extended splitting-off operation is not used if m(v) < v —1 for some v € e; a single
splitting-off is executed instead. But the number such splitting-off operations is polynomial
(we can assume that v < |V]).

We have to prove that the number of extended splitting-off operations is also polynomial.
First, observe that no set is deleted from B; during an extended splitting-off. Indeed,
X € B is deleted during a single splitting-off of e if there is Y C X for which p(Y) < p(X)
and p°(Y) = p°(X); but then e N (X —Y)| > 0, so m*(X —Y) > v — 1, implying that
mé(Y) —p¢(Y) <mé(X) — (v — 1) — p°(X) < 0, which is impossible. Since B, is always
laminar, this implies that in a sequence of consecutive extended splitting-off operations,
B; can change only polynomially many times. It is easy to see that Bs also can change
only polynomially many times. So it is enough to prove that if B; and B3 do not change,
then only polynomially many consecutive extended splittings are possible. But this follows

from the fact that v — 1 nodes are the same in the hyperedges that are split off.
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To solve the minimum cardinality problem in polynomial time we have to find a minimal
degree specification m that satisfies (B.9). This can be done in polynomial time using the
maximizing oracle. In the case of k-edge-connectivity augmentation, the required oracles

can be realized using network flow algorithms.



Chapter 4

Connectivity augmentation of

directed hypergraphs

In Section [3 it was shown that edge-connectivity of directed hypergraphs can be described
in similar terms as edge-connectivity of digraphs. Consequently, the tools available for
solving to edge-connectivity problems are also similar; however, there are some additional
difficulties that must be overcome.

In this chapter we discuss edge-connectivity augmentation problems for directed hy-
pergraphs. As in the undirected case, there are different ways to generalize the basic
degree-specified and minimum cardinality digraphs problems. One possibility is minimum
cardinality augmentation with restriction on the sizes of the new hyperarcs. Similarly to
the undirected case, the problem with no restrictions is not interesting, since one could
always choose hyperarcs containing every node of V. Unlike the undirected case, however,
the augmentation with digraph edges is not more difficult than the digraph augmentation
problem. The other possible objective is to minimize the total size of the added hyperarcs.

The main tool used in this chapter is a slight generalization of the method developed in
[7] for splitting off in directed hypergraphs. This will be described in Section [l.7, after a
brief introduction on augmentation with digraph edges. The chapter contains joint results

with Marton Makai that appeared in [562].

4.1 Adding digraph edges

For a given directed hypergraph Dy = (V, Ap), let p(X) = (k — op, (X)) for every
0 # X cV, and p(@) = p(V) := 0. Then the k-edge-connectivity augmentation of D
with a minimum number of digraph edges corresponds to the problem of covering p with a

minimum number of digraph edges. The set function p is positively crossing supermodular,

69
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so the following theorem of Frank [24] can be applied to solve the degree-constrained

problem:

Theorem 4.1 (Frank [24]). Let p : 2V — Z, be a positively crossing supermodular set
function; let m; : V — Z, be an indegree-specification and m, : V. — Z* an outdegree-
specification such that m;(V') = m,(V). There ezists a digraph D = (V, A) such that
op(v) = m;(v) and ép(v) = my(v) Yo € V, and op(X) > p(X) VX CV if and only if

mi(X) = p(X) for every X C V',
and
me(V — X) > p(X) for every X CV . O

It should be noted that for the p defined above this result can be obtained from the
directed splitting-off theorem of Mader [B9], which is generalized by the above result of
Frank.

The degree-specified result easily implies the following theorem on minimum cardinality

augmentation:

Theorem 4.2 (Frank [24]). Let p : 2V — Z, be a positively crossing supermodular set
function, and vy a non-negative integer. There exists a digraph D = (V, A) with v edges
that covers p if and only if

Y2 Z p(X)  for every partition F of V.,

zZeF

and

v > Z p(V — X)) for every partition F of V. O

ZeF

The minimum cost k-edge-connectivity augmentation problem for digraphs is NP-comp-
lete even for k = 1, since it includes the problem of determining whether a digraph has a
Hamiltonian cycle.

For undirected graphs, the local edge-connectivity augmentation problem was solvable
[29] using Theorem B.3 of Mader on splitting-off preserving local edge-connectivity. How-
ever, no such result can be expected for digraphs: local edge-connectivity augmentation of
directed graphs is NP-complete, even in the special case when the requirement is 1 between

the nodes of a specified subset 7" and 0 otherwise (see [29]).
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4.2 Splitting-off in directed hypergraphs

In [[4], Berg, Jackson and Jordan proved an interesting splitting-off theorem for directed
hypergraphs, which led to a solution for the problem of directed hypergraph k-edge-
connectivity augmentation by uniform hyperarcs.

In this section, we show that their edge-splitting result can be formulated in a more
general form (using essentially the same proof). The result gives a method for solving a
broader class of undirected and directed augmentation problems. The notion of splitting-off

is used here in an abstract sense, similarly to Theorem .5 or Theorem B.T4.

4.2.1 Splitting off a single hyperarc

Let p : 2¥ — Z, be a positively crossing supermodular set function. Let furthermore
m; : V — Z, be an indegree-specification and m, : V' — Z, an outdegree-specification for
which m;(V') < m,(V). Suppose that m;(X) > p(X) and m,(V — X) > p(X) for every
X C V. We define the splitting-off operation analogously to the undirected definition in
the proof of Theorem B.14.

A hyperarc a can be split off from (p, m;, m,) if m;(h(a)) > 0 and xy@q)(v) < me(v) for
every v € V. For such a hyperarc let

m;(v) — 1 if v = h(a),

(
m;(v) otherwise,
)

(p(X) —1)* if a enters X,
p(X) otherwise.

The splitting-off operation is feasible if m¢(X) > p*(X) and m%(V — X) > p*(X) for
every X C V. The operation is called a feasible (r,1)-splitting if |a| = r + 1. It is easy to
check using ([.4) that p* is positively crossing supermodular.

To motivate the name “splitting-oft”, we may observe that if we add a new node z to
V', and draw m;(v) digraph edges from z to each node v € V, and m,(v) edges from each
node v € V to z, then the above defined splitting-off operation corresponds to splitting-
off in this digraph D. If in addition p is defined as p(X) = (k — op,(X))" for some
digraph Dy, a feasible splitting-off corresponds to a splitting-off in Dy + D that preserves
k-edge-connectivity in V' (see Figure [.1]).

The following theorem describes conditions when a feasible splitting-off is available.
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Figure 4.1: Two directed splitting-off steps preserving 1-edge-connectivity. The values at

the nodes represent (m;, m,).

Theorem 4.3. Let p : 2V — Z, be a positively crossing supermodular set function, m; :
V — Z, and m, : V — Z, degree specifications such that m;(V)) < my(V) < rm;(V) for

some integer r, and

m;(X) > p(X) for every X C V, (4.1)
me(V — X) > p(X) for every X C V. (4.2)

Let u € V' be such that m;(u) > 0. Then there is a hyperarc a with h(a) = u and |a| < r+1
that can be feasibly split off.

Proof. We can assume that m;(V') > 2. A set X is called in-critical if u € X and p(X) =
m;(X). The maximal in-critical sets are pairwise co-disjoint, since they intersect, and by
the crossing supermodularity of p, the union of two crossing in-critical sets is in-critical.
The complement of a maximal in-critical set is called a petal. Let F denote the family of

maximal in-critical sets, and let o := |F|; F is called an a-flower.

Claim 4.4. oo <.

Proof. Otherwise we would have

D p(X) =" mi(X) > rmi(V) = me(V) = Y mo(V - X),

XeF XeF XeF

which contradicts (£.2). O

First, suppose that « = 1 (a = {u} is obviously good for a = 0), and let P be the
single petal; m,(P) > p(V — P) = my(V — P) > 0. A set X is called out-critical if
u ¢ X and m,(V — X) = p(X) > 0; if there are no such sets, then for any v € P with
me(v) > 0 the digraph edge a = vu can be split off. By the crossing supermodularity of

p, the non-empty intersection of two out-critical sets is also out-critical. Since u ¢ X and
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m;(X) > my(V — X) for any out-critical set, there are no two disjoint out-critical sets
because of m;(V)) < m,(V), so there is a unique minimal out-critical Y. One of P —Y and
Y — P is empty, otherwise m,(P —Y) +m;(Y — P) <m,(V =Y )+ m;(V — P) =p(Y) +
p(V—=P)<p(Y—=P)+p(V—(P-Y)) <m(Y —P)+m,(P—Y) would be a contradiction.
Also, mo(Y) = mo(V) —=mo(V —=Y) > my(V) —mo(V —Y) >m;(V) —m;(Y) > 0, hence
mo(Y N P) > 0 follows from the emptiness of P —Y or Y — P. Let v € Y N P be a node
with m,(v) > 0. Then the directed edge a = vu can be feasibly split off.

If @« > 2, we define a by selecting as tail nodes one arbitrary node v with m,(v) > 0
from each petal. We prove that a can be feasibly split off. By the construction of a, (£.1))
holds after the splitting.

Suppose that there is a set X which violates (f.2) after the splitting, i.e. m%(V — X) <
p®(X). This means that if a enters X, then p(X) — 1> m,(V — X) — |an (V — X)| while
if a does not enter X, then u ¢ X and p(X) > my(V — X) — |t(a) N (V — X)|. In both
cases p(X) > my(V = X) — lan(V = X)| + 1.

There is a petal P such that P — X # () and X — P # () (this is trivial if X is subset of
a petal; if it is not, then any petal P is good for which P Na ¢ X, and such a petal exists
otherwise m,(V — X) = m%(V — X) < p*(X) < p(X) contradicting (£.2)). The crossing

supermodularity of p implies that

m;(V—P)+mo(V—-X)—lan(V-X)|+1<p(V—-P)+pX) <
<p(X = P)+p(V —(P-X)),

S0
my(X — P)+my(P — X) — [an (P - X)|+1 < p(X — P) + p(V — (P — X)),
me(P—X)—lan(P-X)|+1<pV—(P-X)),
which would imply that V' — (P — X) violates (£.2), since [aN (P — X)| < 1. O

The theorem implies that there is a hyperedge a that can be feasibly split off such that in
addition m@(V) < m2(V) holds. This guarantees that subsequent splitting-off operations
are possible, eventually leading to a complete splitting-off. In the following we describe

the consequences.

4.2.2 Complete splitting-off

The next theorem states that a complete splitting-off of uniform hyperedges is always

possible if the obvious necessary conditions hold. A special case (when for a given directed
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hypergraph D and positive integer k, p(X) = (k — op(X))" for every 0 # X C V) was
proved in [7]. The more general result presented here has the advantage that it can be

applied to extensions of k-edge-connectivity as well (while the proof is not more difficult).

Theorem 4.5. Let p : 2V — Z, be a positively crossing supermodular set function, m; :
V — Z, and m, : V — Z, degree specifications such that m,(V) = rm;(V') for some

positive integer r, and

mi(X) > p(X) for every X CV, (4.3)
me(V — X) > p(X) for every X C V. (4.4)

A%

Then there is a directed (r,1)-hypergraph D such that dp(v) = my(v) and op(v) = m;(v)
for every v € V, and

op(X) > p(X) for every X C V.

Proof. According to Theorem .3 we can obtain a directed hypergraph D* by successive
feasible splitting-off operations such that dp-(v) = m,(v), op+(v) = m;(v) for every v € V|
and op«(X) > p(X) for every X C V. Since m,(V) = rm;(V), |a|] > r 4+ 1 holds for at
least one hyperarc a of D*. So there is a feasible (ry, 1)-splitting with head h(a) for some
r1 > r; moreover, by Theorem [.3 there is also a feasible (rq, 1)-splitting with head h(a)

for some 1y < 7.

Lemma 4.6. If for some 1y > r > ry there is a feasible (r1,1)-spitting and a feasible

(r9, 1)-splitting with head w , then there is a feasible (r,1)-splitting with head w.

Proof. Let a be the hyperarc obtained by the (ry, 1)-splitting. By induction, it suffices to
show that for some v € #(a), the hyperarc o’ defined by o’ = a—wv, h(a’) = u gives a feasible
splitting. If x,(v) > 2 for some v € V then such a v is suitable, so we may assume that
Xo < 1. If 1 > 2, then suppose indirectly that for every v € t(a) there is an in-critical set
X, such that a —v C X, and v ¢ X,,. We can assume that these are maximal in-critical
sets. Thus the sets {X, : v € t(a)} form a flower with r petals centered on w; but this
contradicts the fact that there is a feasible (rg, 1)-splitting with head wu.

If ; = 2, then ro = 0, so there are no in-critical sets. As we have seen in the proof
of Theorem [.3, there is a unique minimal out-critical set Y with v ¢ Y. Then a —
Y = u, otherwise the (2, 1)-splitting would not be feasible; thus both (1, 1)-splittings are
feasible. O

We prove Theorem [.J by induction on m;(V). According to Lemma [.6, there is a
node u € V with m;(u) > 0 for which there exists a feasible (7, 1)-splitting at u; let a be
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the resulting (7, 1)-hyperarc. By induction, there is a directed (7, 1)-hypergraph D’ that
satisfies the conditions given by m{, m? and p®. The directed hypergraph obtained by
adding a to D’ satisfies the conditions of Theorem .5 O

In fact, a bit more general theorem can also be proved by the same method (this was

also remarked by Berg, Jackson, and Jordéan for the k-edge-connectivity case):

Theorem 4.7. Let p : 2V — Z. be a positively crossing supermodular set function, m; :
V. — Zy and m, : V — Z, degree specifications such that m;(V) < my(V) and (r —
Dmi(V) <mo(V) < rmy(V') for some positive integer r, and

m;(X) > p(X) for every X CV, (4.5)
mo(V — X) > p(X) for every X C V. (4.6)

v

Then there is a directed hypergraph D consisting of (r,1)-hyperedges and (r — 1,1)-hyper-
edges such that dp(v) = m,(v) and pp(v) = m;(v) for everyv € V, and

op(X) > p(X) for every X C V.

Proof. By Theorem [L.3 there is a complete splitting-off, so there must be an (ry, 1)-hyperarc
a that can be feasibly split off for some r; > r, since (r — 1)m;(V') < m,(V'). By Theorem
.3 there is also an (79, 1)-hyperarc for some 7 < r with head h(a) that can be feasibly
split off, since m,(V) < rm;(V). So Lemma [.§ implies that there is an (r, 1)-hyperarc
that can be feasibly split off. We can continue to split off (r,1)-hyperarcs as long as
(r—=1mi(V) <ml,(V) < rm}(V) holds for the modified degree-specifications. It is easy
to see that the first time this does not hold is when (r — 1)m}(V) = m, (V). But then by
Theorem [I.§ we can finish the complete splitting-off by splitting off (r—1, 1)-hyperarcs. [

4.3 Covering supermodular functions by directed hy-

pergraphs

Let p: 2V — Z, be a positively crossing supermodular set function. When covering p with
a directed hypergraph, we can have various objectives just as in the case of undirected
hypergraphs: we can minimize the total size of the added hyperarcs, or we can cover p

with an (7, 1)-uniform directed hypergraph of minimum cardinality.
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4.3.1 Adding hyperarcs of minimum total size

Theorem 4.8. Let p : 2V — Z, be a positively crossing supermodular set function. The

minimum total size o of a directed hypergraph that covers p is 0 = o1 + 0o, where

01 = max {max{Zp(X), L}_’%l (Zp(V — X))}} . F a partition ofV},

ZeF ZeF
09 =max {max {Zp(X), Zp(V - X)} . F a partition of V} .
ZeF ZeF

Proof. To see the necessity of the conditions, let D = (V,.A) be a directed hypergraph of
minimum total size that covers p, and let m;(v) := op(v) and m,(v) := dp(v) for every
v € V. Then m;(X) > p(X) and m,(V — X) > p(X) for every X C V. Let F be
a partition of V. Then m;(V) > >, -p(X), and (|F| = 1)m;(V) > >, -p(V — X).
Similarly, mo(V') > >, p(V — X), and (|F| = 1)mo(V) > >, p(X); in addition, we
know that m,(V') > m;(V). We obtained that m;(V') > o1 and m,(V) > o4, thus the total
size of D is at least o.

Sufficiency is proved by finding degree specifications m; and m, for which we can apply
the complete splitting-off described in Theorem [.7. So we have to find m; satisfying (£.5)
and m, satisfying (£.G) such that m;(V) < m,(V).

Let p; be the set function defined by p;(X) := p(X) if X C V and py(V) := 0. If the
conditions of the theorem hold, p; is positively crossing supermodular, and by Theorem
P.13 B(p:) is a non-empty base polyhedron. Let m; be an integral vector in B(p;); then
m; satisfies ([.5).

Let py be defined by po(X) = p(V—X)if 0 # X C V, and po(V) := 09. If the conditions
of the theorem hold, then ps is positively crossing supermodular, and B(ps) is a non-empty
base polyhedron by Theorem P.13. Let m, be an integral vector in B(pz); then m, satisfies
(B.6) and m;(V) = g1 < g9 = m,(V).

We can apply Theorem .7 on these m; and m, values, and a suitably chosen r. O

4.3.2 Covering by uniform directed hypergraphs

We can use the degree-specified result in Theorem E.5 to give a formula on the minimal
number of (r, 1)-hyperedges that can cover a given positively crossing supermodular set

function.

Theorem 4.9. Let p:2¥V — Z, be a positively crossing supermodular set function, and r

a positive integer. There exists a directed (r,1)-hypergraph with ~ hyperarcs that covers p
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if and only if

v ) p(X), (4.7)

XeF
ry > p(V - X), (4.8)
(Fl=Dy=> pV-X) (4.9)
XeF

hold for every partition F of V.

Proof. The necessity of the conditions can be seen easily. To prove sufficiency, one can
construct degree specifications m; and m, that satisfy the conditions of Theorem [.5. Let
us define the set function p’ by p'(X) := p(X) for X C V and p'(V) := ~. Then p is
positively crossing supermodular. Since (f£7) and (£.9) hold for p’, by applying Theorem
R.13 to p’ we get a nonnegative integer vector m; such that m;(X) > p(X) for all X C V,
and m; (V) = ~.

To construct m, let m, be a nonnegative vector satisfying m,(V — X) > p(X) for
all X C V., which is minimal in the sense that for every v € V with m/(v) > 0 there
exists a set X for which v ¢ X and m,(V — X) = p(X) (such a set is called tight). Let
B = {X1,Xs,...,X;} be a family of minimum cardinality which for every node v with
m,(v) > 0 contains a tight set not containing v. Then B is cross-free, since we could

replace a crossing pair X;, X; by their intersection according to (.2). If the family is

composed of co-disjoint sets, then

mi(V) =D _mi(V = Xi) =3 _p(X:) <7y

i=1

by (f.§). If there are two disjoint sets X; and X; in B, then
m(V) < my(V = Xi) + mo(V — Xj) = p(Xy) + p(X;) <.

Thus we can obtain an out-degree specification m, by increasing m, on an arbitrary node
to obtain m,(V) = rv. By Theorem .5 there is a directed (r, 1)-hypergraph with degrees

m; and m, that covers p. O

The following example demonstrates that condition (f.g) cannot be left out. Let V =
{v1,v9,v3}, p({v1,v2}) = p({v1,v3}) = p({va,v3}) := 2 and p(X) := 0 for the other sets,
r:= 3, 7 := 2. Conditions (f.7) and ([L.§) are satisfied, but (f.9) is not, and there is no
directed (3,1)-hypergraph of 2 hyperarcs covering p. When r = 1, i.e. we add digraph

edges, (£.9) follows from ([.§).
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Figure 4.2: A directed hypergraph that is (2, 2)-edge-connected from root s but cannot be

decomposed into two directed sub-hypergraphs connected to s.

4.4 (k,l)-edge-connectivity of directed hypergraphs

In this section the definition of (k,)-edge-connectivity, which was already introduced for
graphs in Chapter [, is extended to directed hypergraphs as a common generalization of
k-edge-connectivity and k-rooted-connectivity. This connectivity property can be charac-
terized using crossing supermodular set functions, so the tools developed in this chapter

are applicable.

4.4.1 Properties

Let D = (V, A) be a directed hypergraph, and s € V a specified root node. D is called
(k,1)-edge-connected from root s for non-negative integers k and [ if there there are k edge-
disjoint paths from s to any other node, and there are [ edge-disjoint paths to s from any
other node. We say that D is (k,[)-edge-connected if there is a node s € V such that D is
(k,1)-edge-connected from root s.

By Proposition [[.12, a directed hypergraph D is (k, [)-edge-connected from root s if and
only if op(X) > kif) # X C V—s,and op(X) > 1lif s € X C V. It is easy to see that D is
(k, k)-edge-connected if and only if it is k-edge-connected, while D is (k, 0)-edge-connected
form root s if and only if it is k-rooted-connected from root s.

We have seen in Chapter [l that by Proposition [.14, a directed hypergraph that is
k-rooted-connected from s can be decomposed into k edge-disjoint spanning directed sub-
hypergraphs that are connected from s. As a consequence, the same is true if a directed
hypergraph D is (k,1)-edge-connected from s. If D is a digraph, then it is also true that
D can be decomposed into [ edge-disjoint spanning sub-digraphs that are connected from
V — s to s. However, the latter claim is not true for directed hypergraphs, as the example
on Figure .7 shows.

The proof of Theorem [[.14 in Chapter [l implied that if a directed hypergraph D = (V, A)
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is k-rooted-connected, then it can be shrinked (meaning that we delete all but one tail-
nodes of every hyperarc) to a k-rooted connected digraph. For (k,[)-edge-connectivity no

similar statement is true; in fact, Bang-Jensen and Thomassé [5] observed the following:

Proposition 4.10 ([8]). It is NP-complete to decide whether a strongly connected directed
hypergraph can be shrinked to a strongly connected digraph.

Proof. Let D = (V, A) be a strongly connected digraph. We define a directed hypergraph
D" = (V, A) the following way: A contains one hyperarc a, for every v € V, namely
h(a,) = v, and t(a,) = {u € V: wwv € A}. Then D' is strongly connected, and it can be

shrinked to a strongly connected digraph if and only if D contains a Hamiltonian cycle. [

4.4.2 (k,l)-edge-connectivity augmentation

Let Dy = (V,Ag) be a directed hypergraph, and let k,I be non-negative integers. We
are interested in the (k,l)-edge-connectivity augmentation of Dy, either with the objective
of minimizing the total size of the new hyperarcs, or with the objective of adding the
minimum number of (r, 1)-hyperarcs . To solve these problems using the results in Section

A3, we define the following set function:

(k—op, (X))t HP£XCV—s,
p(X) =19 (I—op,(X)* ifseXcCV, (4.10)
0 fX=0or X=V.

The set function p is positively crossing supermodular, so we can apply Theorems E.§
and [.9. If £ > [, then the conditions of the theorems can be simplified:

Claim 4.11. Let k > 1, and let p be the set function defined in ([.10). If
v= ) p(2)
ZeF
for every partition F of V', then
(IF1=1)v>D> p(V—-2)
ZeF

for every partition F.

Proof. Suppose that (t — 1)y < >, p(V — Z) for a partition F = {X;,...,X;} of V
with t > 2. 1f p(V = X;) = 0, then Y, p(V = 2) = S5 p(V = X) < 305 (0(X0) +
p(V — X)) < (t—1)y, by considering the two-member partitions {X;,V — X;}. So we can
assume that p(V — X;) > 0 for every 4, thus 3, p(V —2) = k+(t—1)l—=>\_ 6p,(X;) <
kA (t = 1)1 =30, oo (Xi) < (8= Dk 41— 30, ppo(Xi) < 3052, p(X3) < . O
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Figure 4.3: Counterexample for Claim {L.11] for £ = 1, | = 3. Inequality (L.9) on the
indicated copartition gives v > 2, while ), _-p(Z) < 1 for every partition F.

The counterexample on Figure shows that the claim is not necessarily true if k£ < [.

Using Claim E.T11, Theorem E.§ implies the following on minimum total size augmenta-
tion:

Theorem 4.12. Let Dy = (V, Ag) be a directed hypergraph, let k > 1 be non-negative
integers, and let p be the set function defined in ({.10). The minimum total size o of a

directed hypergraph D for which Do+ D is (k,1)-edge-connected from root s is o = o1 + 0,
where

01 = max {Zp(X) . F is a partition of V} ,

ZeF

oD :max{max{Zp(X), Zp(V - X)} . F is a partition ofV} :

ZeF ZeF

O

Theorem 4.13. Let Dy = (V, Ay) be a directed hypergraph, let k < | be non-negative
integers, and let p be the set function defined in ({.10). The minimum total size o of a

directed hypergraph D for which Do+ D is (k,1)-edge-connected from root s is o = o1 + 0,
where

o1 :max{max{Zp(X), {m%l(z:p(v - X))—‘ } : F is a partition ofV},

ZeF ZeF
09 = max {max{Zp(X), Zp(V — X)} : F is a partition of V} .
ZeF ZeF

O

For minimum cardinality augmentation using (r, 1)-hyperedges, the following results are
obtained from Theorem B9 and Claim ATT:
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Theorem 4.14. Let Dy = (V, Ay) be a directed hypergraph, and let k > 1 and r > 1

be non-negative integers. Dqy can be made (k,l)-edge-connected by the addition of v new

(r, 1)-hyperarcs if and only if

v= > pX),

XeF

ry = p(V—X)

XeF

hold for every partition F of V', where p is the set-function defined in ({.10).

Theorem 4.15. Let Dy = (V, Ay) be a directed hypergraph, and let k < | and v > 1

be non-negative integers. Dy can be made (k,l)-edge-connected by the addition of v new
(r, 1)-hyperarcs if and only if

v= ) p(X),

XeF
ry> Yy p(V-X),
(Fl=Dy=> pV-X)
XeF

hold for every partition F of V', where p is the set-function defined in ([.10).
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Chapter 5

Partition-connectivity of hypergraphs

5.1 Introduction

In Chapter [ll, the notion of k-partition-connectivity was introduced for graphs. In this chap-
ter, we discuss an extension of this notion to hypergraphs. While 1-partition-connectivity
for graphs is simply equivalent to connectivity, the extension for hypergraphs defines a dif-
ferent type of connectivity property. In this section we define this extension and describe
some of its basic characteristics. The results of the chapter are joint results with Andras
Frank and Matthias Kriesell [37].

5.1.1 A different approach to connectivity

Recall that an equivalent characterization of connectivity of graphs is that in order to
dismantle the graph into ¢t + 1 components, one has to delete at least ¢t edges. The k-
partition-connectivity of graphs can also be defined from this point of view: in order to
dismantle the graph into £ + 1 components, one has to delete at least kt edges. We start
with the introduction of this type of characterization for hypergraphs..

A hypergraph H = (V&) is called partition-connected if one has to delete at least ¢
hyperedges to dismantle it into ¢t + 1 components for every ¢. An equivalent formulation
is that ey (F) > |F| — 1 holds for every partition F of V. Partition-connectivity clearly
implies connectivity; contrary to the graph case, however, a connected hypergraph is not
necessarily partition-connected (a partition-connected hypergraph must have at least |V|—1
hyperedges).

Theorem [[.F of Tutte characterized graphs that can be decomposed into k& connected
spanning subgraphs. In light of the previous remarks, at least two different generaliza-

tions are possible for hypergraphs. We say that a sub-hypergraph (V,&’) of a hypergraph

83
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H = (V,€&) is spanning if V' = U(E’). One can consider the problem of decomposing a
hypergraph into k connected spanning sub-hypergraphs, or the problem of decomposition
into k partition-connected spanning sub-hypergraphs. As the following theorem shows,
the former problem is NP-complete, while we will see that the latter is solvable and has

relatively simple structural properties.

Theorem 5.1. The problem of deciding whether a hypergraph H = (V,E) can be decom-
posed into k connected spanning sub-hypergraphs is NP-complete for every integer k > 2.

Proof. First assume that & = 2. Recall that it is NP-complete to decide whether the nodes
of a hypergraph can be coloured by 2 colours such that every hyperedge contains nodes
of both colours. This implies by duality that colouring the hyperedges of a hypergraph
Hy = (Vi, &) by red and blue so that every node belongs to both a red and a blue hyperedge
is also NP-complete. We show that this latter problem is polynomially solvable if there
is a polynomial algorithm to decide decomposability of a hypergraph into two connected
spanning sub-hypergraphs. Let s be a new node, let V :=V;+ s, £ :={e+s:e € &},
and H = (V,€). Note that a sub-hypergraph H" = (V,&’) of H is connected and spans
V if and only if the corresponding sub-hypergraph (4, &) of Hy spans Vy. Therefore H
can be decomposed into 2 connected spanning sub-hypergraphs if and only if Hy can be
decomposed into two sub-hypergraphs both spanning V.

The NP-completeness of the problem for k& > 3 easily reduces to the case k = 2. Let
H = (V,&) be a hypergraph and let HT denote the hypergraph arising from H by adding
k — 2 copies of V as new hyperedges. Then H™' can be decomposed into k connected
spanning sub-hypergraphs if and only if H can be decomposed into 2 connected spanning

sub-hypergraphs. O

5.1.2 k-partition-connectivity

A hypergraph H = (V, E) is called k-partition-connected if for every t, one has to delete at
least kt hyperedges to dismantle it into t+ 1 components. Equivalently, ey (F) > k(|F|—1)
for every partition F of V. This is clearly a generalization of k-partition-connectivity for
graphs. In the graph case, the property was also definable in terms of decomposition
into connected spanning subgraphs (see Theorem [.5). As an analogous result, we will
show that k-partition-connectivity of a hypergraph is equivalent to decomposability into k
partition-connected spanning sub-hypergraphs.

Another equivalent characterization of k-partition-connectivity of graphs is the existence
of k edge-disjoint spanning trees. The problem of finding k edge-disjoint spanning trees

in a graph is a special case of finding £k disjoint bases of a matroid and therefore Theorem
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Figure 5.1: (a) a wooded hypergraph; (b) a tree-reducible hypergraph

[[.5 may be easily derived from Edmonds’ matroid partition theorem (Theorem P.7). Our
approach for hypergraphs also makes use of this result and is based on an observation of
Lorea [564] that the notion of circuit matroids of graphs can be generalized to hypergraphs.
We elaborate this in the next section, by introducing the structures that play a role similar

to spanning trees in graphs.

5.2 Tree-reducible hypergraphs

We call a hypergraph H = (V, &) forest-reducible or wooded if it is possible to select two
nodes from each hyperedge of H so that the chosen pairs, as graph edges, form a forest
(Figure B.1)). If this forest may be chosen to be a spanning tree, then H is called tree-
reducible. Clearly a tree-reducible hypergraph is partition-connected. We will prove that
every partition-connected hypergraph contains a tree-reducible sub-hypergraph, and the
role of these sub-hypergraphs is similar to the role of spanning trees of graphs with respect

to k-partition-connectivity. First we need some additional definitions.

5.2.1 Hyperforests and the hypergraphic matroid

Given a hypergraph H = (V, &), we can define b : 25 — Z, as b(X) := | U (X)] for every
X C &. It is easy to see that b is fully submodular on the ground set £. We say that the
strong Hall condition holds for the hypergraph H if |U(X)| > |X|+1 for every 0 # X C £.

It should be remarked that the notion comes from the theory of bipartite graphs: a
bipartite graph G = (U, V; E) satisfies the strong Hall condition for U if |T'(X)| > | X |+ 1
for every 0 # X C U, where I'(X) = {v € V : wv € E for some u € X}. There is a
standard way of associating a bipartite graph G = (U, V; E) to a hypergraph H = (V,€)
by setting U := &£, and for e € U and v € V, ev € E if and only if v € e. Thus the
strong Hall condition for the hypergraph corresponds to the strong Hall condition for the
associated bipartite graph.
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Figure 5.2: Some examples of hypercircuits

A bipartite graph G = (U, V; E) is called elementary if G is connected, |U| = |V, and
['(X) > |X|+1 holds for every ) # X C U (which is equivalent to requiring the inequality
for nonempty proper subsets of V.) By a hypercircuit we mean a hypergraph the associated
bipartite graph of which is elementary (see Figure b.7). Note that in the special case when
the hypergraph is a graph, this notion coincides with the usual notion of a graph circuit.
By a hyperforest we mean a hypergraph H = (V, ) where there is no subset X C & for
which H' = (U(X), X) is a hypercircuit. This is equivalent to saying that H satisfies the
strong Hall condition, or that there are at most | X| — 1 hyperedges of H induced by X
for every ) # X C V. A hyperforest H = (V, &) is a spanning hypertree if U(E) = V and
&= V] - 1.

Erdés had conjectured and Lovész [b6] proved that the node set of a hyperforest can
always be coloured by two colours so that every hyperedge contains nodes of both colours.
What Lovész actually proved (in a more general form) was the following result (which can

also be derived from Theorem P.§ of Edmonds on matroid intersection):
Theorem 5.2. A hypergraph H is a hyperforest if and only if it is wooded.

This result clearly implies Erdos’ conjecture since the hypergraph can be reduced to a
forest that is bipartite, and a two-colouring of its nodes gives the required two-colouring
of the hypergraph. It should be mentioned that the proof of Lovasz is constructive, so
it gives an algorithm for deciding whether a hypergraph is wooded. (Note that the word
wooded in Hungarian translates to erdds.)

Let us turn our attention to the relation between wooded sub-hypergraphs and matroid
theory. In Chapter [l we already mentioned the well-known fact that the subforests of
an undirected graph G = (V, E) form the family of independent sets of a matroid on
the ground set FE, called the circuit matroid of G. Lorea [b4] extended this notion to

hypergraphs.

Theorem 5.3 (Lorea). Given a hypergraph H = (V,E), the sub-hypergraphs of H which
are hyperforests (or equivalently, the wooded sub-hypergraphs of H) form the family of

independent sets of a matroid on the ground set .
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Proof. We define the set-function by : 26 — Z, by
bu(X) = | U (X)| - 1 (5.1)

for a non-empty subset X C &, and by (@) := 0. Since | U (X)] is a fully submodular
function of the ground set &, by is intersecting submodular, and it is obviously monotone
increasing. Let us consider the matroid M,, defined in Theorem P.1G. In this a subset
X C F is independent if |Z| < by (Z) holds for every subset Z C X. This is equivalent
to requiring that the sub-hypergraph H’ = (V, X’) should meet the strong Hall condition,
that is, by Theorem p.3, H' should be wooded. O

A matroid arising this way is called the circuit matroid of the hypergraph H and it
is denoted by Mpy. We call a matroid which is the circuit matroid of a hypergraph a
hypergraphic matroid. By choosing H to be the hypergraph consisting of a three-element
ground set V' and of four copies of V' as hyperedges, we can observe that the uniform
matroid Uy (the smallest non-binary matroid) is hypergraphic. It should be noted that

unlike graphic matroids, the class of hypergraphic matroids is not closed under contraction.

5.2.2 Rank function

For a hypergraph H = (V, ), let by be the set function defined by (B.1) for  # X C £. We
can apply Theorem .16 of Edmonds to determine the rank-function of the circuit matroid
My,

Theorem 5.4. The rank function rg of the circuit matroid of a hypergraph H s given by

the following formula:
r(X) = min{|V| — |F| +ex(F) : F is a partition of V'}. (5.2)

Proof. 1t suffices to prove the formula for the special case X = & since the value of ex(F)
does not change if the hyperedges in & — X are deleted.

Let H = (V, &) be a wooded sub-hypergraph of H. Then, for every partition F of V,
there are at most |V |—|F| hyperedges in H’ which are induced by a member of F according
to the strong Hall condition. Therefore |E’| cannot be bigger than |V| — |F| + eg(F), that
is, ry(E) < |V| — |F| + es(F). We have to prove the existence of a partition for which
equality holds.

By Theorem P.10,

t
rg(€) = min{z b (Z) + 1€ — (U_,Z)|: {Z1,..., 2} is a subpartition of £}.  (5.3)
i=1
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A subpartition where the minimum is attained will be called a minimizer of (5.3). Let
N :={Z,..., Z;} be a minimizer of (5.3) so that |A| is as small as possible.

We claim that (U(Z;)) N (U(Z;)) = 0 holds whenever 1 < i < j < t. Indeed, (U(Z;))N
(U(Z;)) # 0 would imply |U (Z;U Z;)| < |U(Z;)|+|U(Z;)| — 1, and hence by (Z;U Z;) <
b (Z;) + by (Z;). This is however impossible since by replacing Z; and Z; in N by their
union we would obtain another minimizer subpartition N’ of £ for which |N’| < |N].

We claim furthermore that e Z U(Z;) for every hyperedge e € £ — U!_, Z;. If we had
e C U(Z;), then by replacing Z; by Z! := Z; + e we would obtain a subpartition N of £
for which » 2\ b (2) +|€ —Uzenr Z| <D zcpn bu(2) + |€ — Uzea Z| contradicting the
fact that A/ is a minimizer.

Let F be the following partition of V. For each member Z; of N, let U(Z;) be a
member of F, and for each element v € V — Ul_; U (Z;), let {v} be a member of F. By
the claims above eg(F) = |€ — UL, Zi|. Thus rg(€) = S0 bu(Z) + |€ — UL, Zi| =
SUT_(U(Z)] = 1) +ee(F) = V] — | F| + eg(F), as required. O

Corollary 5.5. The rank of the circuit matroid of a hypergraph H = (V, &) is |V|—1 (i.e.

H contains a tree-reducible sub-hypergraph) if and only if H is partition-connected.

Proof. By definition rg(€) < |V|—1 and it follows from (5.9) that equality holds precisely
if |V|—|F|+ey(F) > |V|—1 holds for every partition F of V| that is, ey (F) > |F| — 1,

which in turn is equivalent to the partition-connectivity of H. O

5.2.3 Decomposition into partition-connected sub-hypergraphs

By Corollary b3, a hypergraph can be decomposed into k partition-connected sub-hyper-
graphs if and only if it contains k£ edge-disjoint tree-reducible sub-hypergraphs. This can
also be described as a matroid problem. For a positive integer k let My denote the sum
of k copies of the matroid My, as defined in Theorem .7 of Edmonds. This matroid is
defined on the set of hyperedges and a subset of hyperedges is independent if it can be
decomposed into k wooded sub-hypergraphs.

Theorem 5.6. The rank-function riy of the matroid My is given by the following for-

maula:
rea (X)) = min{k(|V| — | F|) + ex(F) : F is a partition of V}. (5.4)

Proof. Again, it suffices to prove the formula for the special case X = €. Also, as Theorem

5.4 contained the special case kK = 1, we may assume that £ > 2. As an independent set of
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M.z may contain at most k(|Z| — 1) hyperedges which are induced by some member Z of
F, we see that ryy () is at most k(|V| — | F|) + es(F).

To see the reverse inequality we must find a partition F of V for which ryy(€) =
E(|[V|—|F|) + ee(F). Equation (B.3) in Theorem P.7 gives the rank function of the sum of
matroids. Combining this and (5.Z) we obtain that ryy(€) = mingce(kry(E)+|E—E'|) =
ming ce(k(min{|V| — |F| + e/ (F) : F is a partition of V'}) +|€ — &’|]. Let £ be a subset
of £ for which the minimum is attained and let F be a partition of V' for which the inner
minimum is attained.

We claim that eg/(F) = 0. Indeed, if there was an element e € £ with neighbours in
at least two members of F, then for £” := & — e we would have kegn(F) + |E — E"| =
kep (F)+ |E —&'| — (k— 1) and, since k > 2, this would contradict the assumption that
&' is a minimizer.

We also claim that every edge e € £ — £ is a cross-edge of F, for otherwise eg(F) =
eg(F) would hold for £” := &' + e for some e € £ — &', which is again impossible if £ is a
minimizer.

We can conclude that €& — £’ consists of exactly the cross-edges of F in £. Hence
ren(E) = k(|V| — |F| + e (F)) + 1€ = &' = k(|V| — |F|) + eg(F), as required. O

Now we can establish the link between k-partition-connectivity and the decomposability
into partition-connected sub-hypergraphs. The following result generalizes Theorem [[.5 of
Tutte.

Theorem 5.7. For a hypergraph H = (V, ) the following are equivalent:
(i) H is k-partition-connected,
(i) H can be decomposed into k partition-connected sub-hypergraphs,
(i1i) H contains k edge-disjoint tree-reducible spanning sub-hypergraphs.

Proof. If the decomposition into k partition-connected sub-hypergraphs exists, the hy-
pergraph is clearly k-partition-connected. To see the other direction, suppose that H is
k-partition-connected, that is, eg(F) > k(|F| — 1) holds for every partition F of V. This
is equivalent to requiring that k(|V| — |F|) + es(F) > k(|]V| — 1), i.e. mem = k(|V]| = 1)
by Theorem b.6. Therefore every basis of the matroid My is the union of k bases of
My of cardinality |V| — 1. Tt follows that H contains k edge-disjoint tree-reducible span-
ning sub-hypergraphs, which by Corollary p.3 is equivalent to the property that H can be

decomposed into k& partition-connected spanning sub-hypergraphs. ]
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A well-known corollary of Theorem [[.§ of Tutte is that a (2k)-edge-connected graph
always contains k disjoint spanning trees. As a direct extension of this result we can derive

the following:

Corollary 5.8. A (vk)-edge-connected hypergraph H of rank at most v can be decom-
posed into k partition-connected sub-hypergraphs and hence into k connected spanning sub-

hypergraphs.

Proof. By Theorem b.1 it suffices to show that H is k-partition-connected. Let F be
a partition of V. By the (vk)-edge-connectivity of H, there are at least vk hyperedges
intersecting both X and V' — X for each member X of F. Since one hyperedge may intersect
at most ¥ members, we obtain that the total number of hyperedges intersecting more than
one member of F is at least (vk)|F|/v > k(|F| — 1), so H is k-partition-connected. O

Note that the proof shows that a bit stronger result is also true: if H is a (vk)-edge-
connected hypergraph of rank at most v, then after the deletion of any k hyperedges, H
still decomposes into k£ partition-connected sub-hypergraphs. This kind of connectivity
property is similar to the (k,1)-partition-connectivity of graphs introduced in Chapter [,

and indeed it is useful to extend this notion to hypergraphs.

5.2.4 (k,l)-partition-connectivity

For non-negative integers k and [, a hypergraph H = (V,&) is called (k,!)-partition-
connectedif ey (F) > k(|F|—1)+1 for every nontrivial partition F. An equivalent definition
is that no matter how we delete [ hyperedges from H, the resulting hypergraph decomposes
into k partition-connected sub-hypergraphs. This may be regarded as a combination of
two different approaches to connectivity: that the hypergraph should be decomposable into
many well-connected components, and that the hypergraph should remain well-connected
even after the deletion of some hyperedges.

A notable difference from the graph case is that while (k, [)-partition-connectivity for k <
[ is equivalent to (k+1)-edge-connectivity for graphs, the same is not true for hypergraphs.
As a consequence, the case k < [ also has some interest.

Note that if |£| = |V| for a hypergraph H = (V, &), then H is (1, 1)-partition-connected
if and only if it is a hypercircuit. Indeed, suppose that iy (X) > | X| for some X C V. Then
for the partition F := { X }U{{v}: v € V—X} wehave ey(F) < |E]—ig(X) < |V|—-|X]| <
|F| — 1. Conversely, if there is a partition for which ey (F) < |F| — 1, then by assuming
that the strong Hall condition holds we get that |V| = |€] = eu(F) + > ,crin(Z2) <
\Fl—=1+> ,.-(2] —1) < |V] =1, a contradiction.



Section 5.2. Tree-reducible hypergraphs 91

There is a difference in the structural properties of k-partition-connected hypergraphs,
and (k, l)-partition-connected hypergraphs in general. Namely, Theorem .7 implies that a
k-partition-connected hypergraph is always reducible to a k-partition-connected graph, in
the sense used in the definition of forest-reducibility. However, a (k, [)-partition-connected
hypergraph is not necessarily reducible to a (k,[)-partition-connected graph. For exam-
ple, the hypercircuits on Figure are not reducible (of course there are also reducible
hypercircuits).

If we want to prove someone that a given hypergraph is k-partition-connected, we can do
so by showing its reduction to a k-partition-connected graph, which contains k edge-disjoint
spanning trees. But how can we prove that a given hypergraph is (k, [)-partition-connected?

An answer to this question will be given in Chapter [.

5.2.5 Covering by hyperforests

The problems discussed so far in this chapter were generalizations of problems that involve
the packing of trees. It may be asked how problems related to covering with forests
generalize to hypergraphs. An extension of Theorem [[.§ of Nash-Williams on partitioning

a graph into k forests easily follows from Theorem [.6.

Theorem 5.9. The edge-set € of a hypergraph H = (V,E) can be decomposed into k
hyperforests if and only if

ig(X) <k(X|-1) (5.5)
holds for every nonempty subset X of V.

Proof. Since one hyperforest may contain at most | X| — 1 hyperedges induced by X, (5.9)
is necessary. To see the sufficiency, let F := {Vi,...,V;} be a partition of V. By (b.5) each
member V; induces at most k(|V;| —1) hyperedges, so the number e (F) of cross-hyperedges
is at least || — Z;Zl k(|V;| = 1) = |E] — k(|]V| — t). Therefore k(|V]| — |F|) + eu(F) > ||
holds for every partition F of V', which means that £ is independent in the matroid Mg
by (b.4), and H decomposes into k hyperforests. O

The problem of connectivity augmentation with respect to (k,[)-partition-connectivi-
ty will be discussed in Chapter []. Here we address the much easier analogous problem
concerning covering with hyperforests: add hyperedges to a given hypergraph Hy = (V, &)
such that the resulting hypergraph can still be decomposed into k hyperforests. It is a
simple observation that even the maximum weight problem is solvable (assuming that

the number of hyperedges with positive weight is polynomial), by the matroid techniques
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described in the previous sections. Indeed, let us assign a sufficiently large weight N to
every e € &, and let £* be the set of hyperedges with positive weight, and H* = (V,£*).
Then finding a maximum weight feasible augmentation amounts to finding a maximum

weight independent set in the matroid Myp-«.

The following theorem gives a min-max formula on the corresponding degree-specified

augmentation problem, when we allow only the addition of graph edges:

Theorem 5.10. Let Hy = (V, &) be a hypergraph, m : V — Z. a degree specification with
m(V') even, and k a positive integer. There exists an undirected graph G = (V, E) such
that Hy + G can be covered by k hyperforests and dg(v) = m(v) for every v € V if and

only if

<m(X) — @) < k(X|=1) —ig,(X) for every 0 £ X C V. (5.6)

Proof. Clearly, ig(X) > (m(X) — w)ﬂ so the requirement ip, o(X) < k(| X]| — 1)

implies the necessity of condition (f.6).

We prove sufficiency by induction on m(V'). By Theorem B.9, a hypergraph can be
covered by k hyperforests if and only if iy, (X) < k(] X| — 1) for every non-empty subset
X of V; hence we may assume that m(V) > 2. Let v € V be an arbitrary node with
m(v) > 0.

A set X is called tight if (B.G) holds with equality. Let F; be the family that consists of
the tight sets X for which m(X) < m(V)/2 and v € X, and let F; be the family of tight
sets X for which m(X) > m(V)/2 and v ¢ X. The union of two members of F; is also
in Fj, since otherwise by the supermodularity of iy, the intersection would violate (5.6);
similarly, the intersection of two sets in F3 is in F», since otherwise by the supermodularity
of ip, their union would violate (f.6). Let X; be the maximal member of F;, and X, the
minimal member of 5. Then v € X; — X5 and m(X;) < m(X3), so there is a node
u € Xy — X3 with m(u) > 0.

Let m’ be defined by decreasing m(u) and m(v) by 1, and H{ defined by adding the
graph edge uv to Hy. The node u was chosen so that no member of F; contains both
and v, and every member of F; contains u. From this it is easy to see that (5.6) holds for
m’ and H|), therefore H| can be augmented by adding a graph G’ with degree-specification
m’ such that Hj + G’ can be covered by k forests. This means that G := G’ + {uv} is a
good augmenting graph for H. O
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5.3 Disjoint Steiner trees

Let G = (V, E) be an undirected graph with a so-called terminal set W C V. In Chapter
[, we defined a Steiner tree for W as a subtree G' = (V', E’) of G such that W C V'. The
disjoint Steiner trees problem consists of finding k edge-disjoint Steiner trees in G. When
W =V, this corresponds to the existence of k£ disjoint spanning trees and Theorem [[.3
provides a characterization. When |W| = 2, a minimal Steiner tree is a path connecting
the two terminal nodes, and Theorem [[.1] gives an answer. However, as it was mentioned
in Chapter [, for general W it is NP-complete to decide whether G contains k£ edge-disjoint
Steiner trees for W.

This means that deriving sufficient conditions for the existence of k disjoint Steiner trees
may be of some interest. One type of possible sufficient condition is high edge-connectivity
in W. Kriesell [63] proposed the conjecture that 2k-edge-connectivity in W is sufficient for
the existence of k edge-disjoint Steiner trees. The conjecture is open even for an arbitrary

constant multiple of k instead of 2. Jain, Mahdian, and Salavatipour proved the following:

Theorem 5.11 (Jain et al. [46]). IfG isl-edge-connected in W then G contains | oqw|l]

edge-disjoint Steiner trees for W, where «; can be defined recursively by

042:1,

In the following we show using Corollary b.§ that if V' — W is stable, then 3k-edge-

connectivity in W of G is sufficient for the existence of k edge-disjoint Steiner trees.

Theorem 5.12. Let G = (V, E) be an undirected graph and W C V' a subset of nodes
so that U =V — W s stable and G is (3k)-edge-connected in W. Then G contains k
edge-disjoint Steiner trees for W.

Proof. We use induction on the value ug := >, ./ (dg(u) — 3)*. Suppose first that e is
zero, that is, the degree of each node in U is at most 3. We may assume that IV is also stable
for otherwise each edge induced by W can be subdivided by a new node. Such an operation
may add new nodes of degree two to U but it does not affect (3k)-edge-connectivity in W
and k disjoint Steiner trees in the new graph determine k disjoint Steiner trees in G.

Let H = (W, &) be the hypergraph corresponding to the bipartite graph G = (U, W; E),
i.e. for each node u € U there is a corresponding hyperedge of H consisting of the neigh-
bours of u in G. As the degree of each node of U is at most 3, the rank of H is at most
3. For any () # X C W let X' denote the set of those nodes of U which have at least one

neighbour in X and at most one neighbour in W — X in the graph G. Since every degree
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in U is at most 3, we have dg(X U X') = dy(X) and hence the (3k)-edge-connectivity of
G in W implies the (3k)-edge-connectivity of H.

By Corollary b.8, H can be decomposed into k connected spanning sub-hypergraphs, thus
U can be partitioned into k£ disjoint subsets Uy, ..., Uy so that W U U, induces a connected
subgraph G; = (W UU;, E;) of G for each i = 1,... k. By choosing one spanning tree from
each G;, we obtain the required edge-disjoint Steiner trees of G.

Suppose now that ug is positive and that the theorem holds for each graph G’ with
pe < pg- Let s € U be a node with dg(s) > 4. If there is a cut-edge e of G, then
the elements of W belong to the same component of G — e as G is at least (3k)-edge-
connected in W and then we may discard the other component of G — e without destroying
(3k)-edge-connectivity in W. Therefore we may assume that G is 2-edge-connected.

By Theorem B.3 of Mader on splitting-off preserving local edge-connectivity, there are
two edges e; = v18,e5 = v9s in E so that the local edge-connectivities in V' — s do not
decrease if we replace e; and ey by a new edge v1vy. In particular, the resulting graph G’
remains (3k)-edge-connected in W. By induction there are k edge-disjoint Steiner trees for
W in G'. If one of these trees contains the split-off edge vivy, we replace it by e; and/or
es in order to obtain a Steiner tree of (G. Therefore we have proved the existence of k

edge-disjoint Steiner trees for W in G. O

It should be noted that if the degree of each node in U is even, then 2k-edge-connectivity
in W implies the existence of k edge-disjoint Steiner trees for W, even without the restric-
tion that U must be stable. This can be seen by observing that in this case Theorem .3
of Mader can always be applied since we can assume that G is 2-edge-connected, and the
splitting-off preserves the parity of the degrees, therefore the degree of a node in U will
never be 3.

As far as algorithmic aspects are concerned, Edmonds’ matroid partition algorithm
may be used to compute a decomposition of a hypergraph into k partition-connected
sub-hypergraphs or to compute a deficient partition to show that such a decomposition
does not exist. Therefore Theorem B.T4 can be used for an approximation algorithm to
compute the maximum number 7 of disjoint Steiner trees when V — W is stable. W is
clearly 7-edge-connected in G, so by Theorem we can compute 7/3 disjoint Steiner

trees.



Chapter 6

Hypergraph orientation

6.1 Introduction

In Chapter fl we saw that many results on the edge-connectivity of digraphs are extendable
to directed hypergraphs. It is a natural question to ask whether similar extensions are
possible for connectivity orientation problems. For example, when does a hypergraph have
an orientation that is (k,[)-edge-connected? This Chapter is devoted to questions of this
type, and we also present some orientation results that are new even for graphs.

In Section (.2 we briefly review known connectivity orientation results for graphs. In
particular, we describe the relation between high partition-connectivity of a graph and the
existence of highly edge-connected orientations. One of the observations in Section B.3 is
that a similar relation exists in the case of hypergraphs. The reason behind the similarities
is the link between orientation problems and submodularity, which can be established for
hypergraphs just like for graphs.

In [60], Khanna, Naor and Shepherd proposed a new framework, called network de-
sign with orientation constraints, that successfully integrated network design problems like
minimum cost k-rooted-connected sub-digraphs, and orientation problems like k-rooted-
connected orientation of a mixed graph. In Section b.4 we extend their result to hyper-
graphs, and show that their formulation actually defines a TDI system, which gives rise to
new min-max formulas.

Orientations with local edge-connectivity properties define an exciting class of problems.
For graphs we have the beautiful theorem of Nash-Williams [61] (Theorem p.4) on well-
balanced orientations; a major open question of the field is how to generalize this theorem
to hypergraphs. The new results in Section (.5 are rather simple and do not really mean
a step forward in that direction; however, they do have some nice corollaries, including

a new characterization of (2k + 1)-edge-connected graphs, and characterization of (k,1)-
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partition-connected hypergraphs if £ < [.
The new results in this chapter are based on [36], a joint work with Andras Frank and
Zoltan Kiraly.

6.2 Orientation of graphs

6.2.1 Connectivity requirements

In a graph connectivity orientation problem one is interested in the existence of an orien-
tation of an undirected graph that satisfies some specified connectivity requirements. One
of the early examples is the theorem of Robbins [65]: a graph has a strongly connected
orientation if and only if it is 2-edge-connected. As an illustration, he rephrased this as
a traffic control problem: decide whether the streets of a city can be turned into one-
way streets such that any location in the city remains reachable from any other location.

Nash-Williams [61] proved the following generalization of this result:

Theorem 6.1 (Nash-Williams [61], weak form). A graph has a k-edge-connected ori-

entation if and only if it is 2k-edge-connected.

Another type of connectivity orientation result follows easily from Theorem [[.5 of Tutte:
as we have seen in Chapter [, a graph has a k-rooted-connected orientation (from an
arbitrary root s) if and only if it is k-partition-connected.

It is natural to try to extend these results to (k,[)-edge-connectivity, since (k, k)-edge-
connectivity of a digraph is equivalent to k-edge-connectivity, and (k,0)-edge-connectivity
is equivalent to k-rooted-connectivity from some node s (note that if a graph has a (k,[)-
edge-connected orientation from some root, then it has such an orientation from any root).

This problem was solved in [22]:

Theorem 6.2 (Frank [22]). Let k > [ be non-negative integers. A graph has a (k,I)-

edge-connected orientation if and only if it is (k,[)-partition-connected.

Actually this was proved in a more general framework, involving orientations that cover

a given non-negative crossing supermodular set function:
Theorem 6.3 (Frank [22]). Let G = (V, E) be a graph, and p : 2" — 7., a non-negative
crossing supermodular set function. Then G has an orientation covering p if and only if

S p(X) < el F), (6.1)

XeF

> p(V = X) < ea(F) (6.2)

XeF
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both hold for every partition F of V. If p is monotone decreasing or symmetric then it
suffices to require the validity of ([6-1).

The necessity of these conditions is obvious if we recall ([.7), and that eq(F) = eg(co(F))
if G is a graph (but this is not true for hypergraphs!). The result on (k,[)-edge-connected
orientations follows from this theorem by considering the following set function for an

arbitrary node s € V:

ko if0#AXCV —s,
pu(X) =491 ifseXcCV, (6.3)

0 otherwise.

It is easy to see that py; is non-negative, monotone decreasing if k& > [, and crossing
supermodular.

For orientations satisfying local edge-connectivity requirements, the problem is much
more difficult. Let G = (V, E) be a graph, and let r : V2 — Z, be a local edge-connectivity
requirement function for which r(v,v) = 0 (v € V). If r is symmetric, i.e. r(u,v) =
r(v,u) for every u,v € V, then an obvious necessary condition for the existence of a good
orientation is that
Aa(u,v)

o <

J for every u,v € V.

The orientation theorem of Nash-Williams [61] states that this condition is sufficient for

symmetric 7:

Theorem 6.4 (Nash-Williams [61], strong form). Let G = (V,E) be an arbitrary
graph. There exists an orientation G = (V, E) of G such that
A
Ag(u,v) > L@J for every u,v € V|
and

log(v) = da(v)| <1 for everyv € V.

This theorem settles the case when 7 is symmetric. However, deciding whether there is
an orientation satisfying a general local edge-connectivity requirement r is NP-complete.
The following is a sketch of the reduction of 3-SAT (see Figure [(.1)).

Consider a collection C of clauses, and construct the following graph G. For every pair
{z, T} of complementary literals, create two nodes v, and vz, and an edge v,vz. For each

clause ¢ € C, add nodes s, t., w,, 2.; for each literal y € ¢, add edges vys., vyt., vyw., and
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Figure 6.1: Reduction of 3-SAT to local edge-connectivity orientation. The figure shows
the construction for the clause ¢; = (T3, Ty, €4, ). An orientation of the edges of type 2T

corresponds to an evaluation; the orientation of the other edges is uniquely determined.

vyz.. Consider the problem of finding an orientation of G such that for every clause c € C
there are at least 3 edge-disjoint paths from s. to w,., 3 edge-disjoint paths from z. to .,
and 1 path from s, to t.. It is easy to see that the existence of such an orientation is

equivalent to the satisfiability of C.

6.2.2 Orientations and submodular flows

The orientation problems described above can be studied for mixed graphs (graphs with
both undirected and directed edges) as well. An orientation of a mixed graph is obtained by
orienting its undirected edges. In [25] Frank solved the problem of finding an orientation of
a mixed graph that covers a given crossing supermodular set function which does not have
to be non-negative. He showed that this is equivalent to a submodular flow problem, and
as a result minimum cost orientation (when the two possible orientations of an undirected
edge have different costs) can be solved in polynomial time. The characterization here is

considerably more complicated then in Theorem [(.3:

Theorem 6.5 (Frank [25]). Let G = (V; E, A) be a mized graph, where E is the set of
undirected edges, and A is the set of directed edges. Let p : 2V — Z U {—oc} be a crossing

supermodular set function. Then G has an orientation covering p if and only if

> (r(Z) = 0a(2)) < en(F)
ZeF
holds whenever F is a tree-composition of some X C V.

The reason that tree-compositions come into the picture is the connection with submod-

ular flows: in Theorem .28 we saw that the condition on the feasibility of a submodular
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flow problem given by a crossing supermodular set function involves the full truncation of

the set function.

6.2.3 Constructive characterizations

One important application of the connection between the connectivity properties of undi-
rected graphs and the connectivity properties of their orientations concerns the theory of
constructive characterizations. Constructive characterization of a connectivity property
means that such (di)graphs can be constructed from a small initial (di)graph by some
simple operations that preserve the property.

For (k,l)-edge-connectivity of digraphs, the following conjecture is expected to be true:

Conjecture 6.6. Let k > | be non-negative integers. A digraph is (k,[)-edge-connected if

and only if it can be built from a single node by the following two operations:
(1) Add a new edge to the digraph,

(11) Pinchi (I <i < k) existing edges with a new node z, and add k—1i new edges entering

z and leaving existing nodes,

where pinching edges uqvy, . . ., uvy with z means deleting those edges, and adding the edges

U2, 2V, UgZ, 2V, « « oy Upl, 2Vt

It is easy to see that the above operations create a (k,[)-edge-connected digraph. The
conjecture was proved for [ = 1 by Frank and Szeg6 [34], and for [ = k — 1 by Frank and
Z. Kiraly [31]. It is also easy to see that since for k > [ (k,[)-partition-connected graphs are
exactly those that have a (k,[)-edge-connected orientation, proof of this conjecture would
also imply the following on the constructive characterization of (k,[)-partition-connected

graphs:

Conjecture 6.7. Let k > [ be non-negative integers. A graph is (k,l)-partition-connected

iof and only if it can be built from a single node by the following two operations:
(1) Add a new edge to the graph,

(i1) Pinch i (I < i < k) existing edges with a new node z, and add k — i new edges

connecting z with existing nodes.
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6.2.4 Parity constrained orientation

A very exciting new class of connectivity orientation problems is obtained if there are
additional requirements involving the parity of the in-degrees in the oriented graph. These
problems are outside the scope of this thesis, so we just mention a few results.

Let G = (V,E) be a graph. For a subset 7" C V, a T-odd orientation of G is an
orientation where T is exactly the set of nodes with odd in-degrees. It is easy to see that
a T-odd orientation can exist only if |T'| 4+ |E| is even; such sets are called G-even. Frank,

Jordan and Szigeti proved the following on k-rooted-connected 7T-odd orientations:

Theorem 6.8 (Frank et al. [33]). Let G = (V,E) be a graph with a fized root node
s €V, let k be a positive integer, and let T C V be a G-even subset. For a partition F of
V, let odd(F) denote the number of members of F for which | X NT| —ig(X) — k is odd.
Then G has a k-rooted-connected T-odd orientation if and only if

E(|F] —1) 4+ odd(F) < eq(F)
for every partition F of V with |F| > 2.

It is open (even for k = 1) whether graphs with a k-edge-connected T-odd orientation
can be characterized. However, Frank and Z. Kiraly [37] managed to characterize graphs

that have a k-edge-connected T-odd orientation for every G-even subset 7T'.

Theorem 6.9 (Frank, Z. Kiraly [31]). A graph G = (V, E) has a k-edge-connected T -

odd orientation for every G-even subset T if and only if it is (k+ 1, k)-partition-connected.

The proof of this theorem is a very nice application of constructive characterizations.

6.3 Orientation with supermodular requirements

Now we turn to orientation problems featuring hypergraphs. This section presents hyper-
graph analogues of Theorems (.2 and (.3. We start by describing the framework used for

hypergraph connectivity orientation.

6.3.1 General framework

Hypergraph orientation problems can be formulated in basically the same way as their
graph counterparts. Let H = (V,£) be a hypergraph, and p : 2V — Z U {—oc0} a set func-
tion, called the requirement function. We consider the problem of finding an orientation of

H that covers p. For example, if p is the set function py; defined in (B.3), then this amounts
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to finding a (k, [)-edge-connected orientation of H (the notion of (k,[)-edge-connectivity of
directed hypergraphs was defined in Chapter f]). Any local edge-connectivity requirement
can also be formulated in this way.

One difference from the graph case is that in a directed hypergraph the role of the head
node and that of the tail nodes are not symmetric, therefore an orientation cannot be
reversed. It should also be mentioned that if we consider the bipartite graph associated
to a hypergraph as in Chapter [, then hypergraph orientation can be seen as a kind of
constrained orientation problem for bipartite graphs, where every node in one class should
have out-degree exactly 1. So these problems could be described in the graph framework;

however, the hypergraph formulation is much more comfortable.

6.3.2 Orientation Lemma

The easiest orientation problem is when there is no connectivity requirement, but the
in-degree of every node is specified. The following hypergraph orientation lemma, which
characterizes the existence of such an orientation, is a straightforward extension of the
corresponding graph result (see e.g. [44]). Note that this is not a real generalization,
since it follows from the graph case by considering the bipartite graph associated to the

hypergraph. Here we give a direct proof.

Lemma 6.10. Given a hypergraph H and an in-degree specification m; : V' — Z,, there is
an orientation H of H such that 07(v) = my(v) for everyv € V if and only if m;(V') = |€|
and m;(Y') > ig(Y') for every Y C V.

Proof. The necessity is straightforward. We prove the sufficiency by induction on the
number of hyperedges. Call a set Y tight if m;(Y) = ig(Y). Let e € £ be an arbitrary
hyperedge, and let Z be the set of nodes in e. Then m;(Z — X) > 1 for any tight set
X for which Z € X (including X = (}), otherwise Z U X would violate the condition. If
there is a node v € Z with m;(v) > 0 such that Z C X for every tight set X containing
v, then we can remove the hyperedge e, decrease m;(v) by one, find a feasible orientation
of the resulting hypergraph by induction, and add the oriented hyperedge (e, h(e)) with
h(e) = v. Otherwise, since a single tight set X 2 Z cannot contain every node v € Z with
m;(v) > 0, we can choose tight sets X; and X, that are both maximal among the tight
sets that separate Z. Then X; U X} is tight and dy (X7, X2) = 0 because of ([[.3), therefore
Z — (X1 U X3) # 0, which contradicts the maximality of X; and Xo. O

To see the importance of this Lemma, observe that the in-degrees of an orientation

determine whether the orientation covers a given set function p or not. More precisely, an
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orientation of H with in-degree specification m; covers p if and only if m;(X) > ig(X) +
p(X) for every X C V.

6.3.3 Covering crossing supermodular set functions

We are now ready to solve the hypergraph orientation problem when the requirement

function p is non-negative and crossing supermodular.

Theorem 6.11. Let H = (V, &) be a hypergraph, and p : 2" — Z, a non-negative crossing

supermodular set function. There is an orientation of H covering p if and only if

> p(X) < en(F) (6.4)

XeF

holds for every partition and co-partition F.

Proof. The necessity of the conditions can be seen by considering property ([[.1) of ey. It
is important to realize that here ey (F) and ey(co(F)) can be different. If F is a partition
of V, then ey (F) < epn(co(F)).

We turn to the proof of sufficiency. We may assume that every hyperedge of H contains at
least 2 distinct nodes. A partition or a co-partition JF is called tightif )~ . »p(X) = en(F).
Observe that the crossing supermodularity remains valid if we increase the value of p on
some singletons; we can thus assume that every singleton {v} is member of a tight partition
Fo. Let F:= 3" ., F, be the sum of these tight partitions, which is a regular family; then
Y xerP(X) = eg(F). Our aim is to show that this implies » _, p({v}) = |€|. We can
uncross F using the standard uncrossing operation (see Lemma P.4), to obtain a cross-free

regular family F’ including all the singletons, for which

> p(X) = en(F), (6.5)
XeF!
since an uncrossing step does not decrease ) . » p(X) due to the crossing supermodularity
of p, and it does not increase ey (F).
Let F” be the family obtained by decreasing the multiplicity of every singleton in F’ by
1. By Proposition R.1], 7’ decomposes into partitions and co-partitions, and by Proposition
.17, (6.4), and (6.5), these must be tight partitions and co-partitions, and the partition
formed of singletons is tight as well. As a consequence, if we define z(v) := p({v}) for
every v € V, then z(V) = |€].
To complete the proof, it suffices to show that z(Y") > iy (Y)+p(Y) for every set Y C V',
since in this case by Lemma .10 and the non-negativity of p there is an orientation with

in-degree vector x, and this orientation covers p as every set Y is entered by x(Y) —ig(Y')
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hyperarcs. To prove the inequality, define the partition Fy := {Y}U{{v}: veV =Y}
for every set Y C V. Using (6.4) on the partition Fy, we get

2(Y) = €] —2(V =Y) = €] +p(Y) = Y p(2)

ZeFy

> & —en(Fy) +p(Y) =iu(Y) +p(Y).
]

It should be noted that using Theorem P.T1] of Fujishige, a short alternative proof of
Theorem .11 can be given. Define the set function ¢(X) := p(X) + ig(X); then ¢ is
crossing supermodular. If F = {Xj,..., X;} is a partition of V| then, by (b.4) and ([[.12),
2 a(Xi) = 2p(X) + X in(Xi) < en(F) + 2 in(X;) = [€] = q(V), and 3 q(V — X;) =
Sop(V=X)+>in(V-X;) <eg(co(F))+> in(V-X;) = (t—=1)|E] = (t—1)¢(V). Thus
Theorem R.T1 implies that if the conditions (f.4) hold, then there is an integral vector x :
V' — Z satistying (V) = q(V) = |€] and 2(Y) > ¢(Y) = ig(Y) +p(Y) > ig(Y) VY C V.
By Lemma B.10, H has an orientation with in-degree vector x, and this orientation covers

p-

Remark. The proofs show that Theorem .11 is true under the weaker assumption that p is
non-negative and p+1iy is crossing supermodular. If p is monotone decreasing or symmetric,
then the co-partition type constraints are unnecessary, since 3 yvez p(X) >3- v coorm) P(X)
and ey (F) < eg(co(F)) for every partition F.

6.3.4 Characterization of (k,[)-partition-connectivity (k > 1)

By applying Theorem [.11] to the set function py; defined in (.3), we get a new characteri-
zation of (k,()-partition-connected hypergraphs (as defined in Chapter f) if £ > [ . In this
case the set function py; is monotone decreasing, so by taking into account the previous

remark, we obtain the following:

Corollary 6.12. Let k > [ be non-negative integers. Then a hypergraph has a (k,l)-edge-

connected orientation if and only if it is (k,l)-partition-connected.

Note that in the special case when [ = 0, this gives an alternative proof for Theorem
b.1, since by Proposition [[.T4 a k-rooted-connected orientation can be decomposed into &
rooted-connected directed sub-hypergraphs.

Corollary 6.17 also gives us a method by which we can show someone that a given
hypergraph is (k, [)-partition-connected if k£ > [. All we have to do is to show a (k,[)-edge-

connected orientation, which is a property that can be checked in polynomial time.
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6.4 Directed network design problems with orienta-

tion constraints

6.4.1 Orientation constraints and submodular flows

In [60], Khanna, Naor and Shepherd introduced a new framework called “directed network
design with orientation constraints”. By this framework they gave a common generalization
of subgraph problems such as finding a minimum cost k-rooted-connected subgraph of a
digraph (that had been solved in [28]), and orientation problems like k-rooted-connected
orientation of mixed graphs, discussed in [27]. The basic problem is to find a minimum cost
subgraph of a digraph that satisfies a prescribed connectivity property; however, there are
also orientation constraints: additional constraints on some designated oppositely directed
pairs of edges, which require that at most one member of the pair can belong to the
chosen subgraph (the term “orientation constraint” is appropriate since a constrained pair
of edges can be thought of as a single undirected edge that has to be oriented or deleted,
and the two possible orientations can have different costs). One of the main results in
[60] stated that for the problem of finding a minimum cost subgraph that satisfies the
orientation constraints and covers a given positively intersecting supermodular requirement
function, the natural LP relaxation defines an integral polyhedron (note that for crossing
supermodular requirement functions, this would include NP-complete problems).

In this section we extend this result to hypergraphs, and in addition show that the LP
relaxation they used is in fact a TDI system; this latter result also enables us to formu-
late a min-max theorem. First, we show that if the requirement function is intersecting
supermodular, then the orientation constraints can be incorporated into a construction of
Schrijver [66] that transforms the problem without orientation constraints into a submod-
ular flow problem. Moreover, this construction can be easily extended to the following
hypergraph problem. A mized hypergraph is a triple M = (V; £, A), where £ is a set of hy-
peredges and A is a set of hyperarcs. An oriented sub-hypergraph of M is a sub-hypergraph
of a directed hypergraph obtained from M by orienting the hyperedges in £.

Theorem 6.13. Let M = (V;E, A) be a mized hypergraph, and p : 2V — Z U {—c0} an
intersecting supermodular set function. Suppose that a cost is assigned to each hyperarc in
A, and to each possible orientation of every hyperedge in €. Then the problem of finding a
minimum cost oriented sub-hypergraph of M covering p can be formulated as a submodular

flow problem, solvable in polynomial time.

Proof. The proof is a straightforward adaptation of a construction of Schrijver [66]. We
define a directed bipartite graph D = (U, V; B) with edge costs, where the nodes of U
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Figure 6.2: Transformation into a submodular flow problem in Theorem (.13

correspond to the hyperedges and hyperarcs in £ U A; we denote a node corresponding to
a hyperedge or hyperarc e by u.. The edge set B contains an edge from the head of e to u,
(with edge cost equal to the cost of €) if e is a hyperarc; if e is a hyperedge, then B contains
edges from every node of e to u, (each with cost equal to the cost of the corresponding

orientation of e). A set function ¢ is defined on the ground set U UV as follows:

p(XNV) if u. € X implies that the nodes of e are in X,
¢(X) =< —1 if X = {u.} for some e € &,

—00 otherwise.

Figure shows this construction. Let f = 0 be the lower capacity of the edges and
g = 1 the upper capacity. It is easy to see that if p is intersecting supermodular, then ¢ is
crossing supermodular. So Theorem P.28 implies that the problem of finding a minimum
cost directed subgraph D' = (U, V; B) of D that satisfies

dp/(X) — op(X) > q(X) forevery X CUUV (6.6)

can be solved in polynomial time (note that this is a one-way submodular flow system).
Since ¢({u.}) = —1if e € &, u, is the head of at most one edge of D’. Thus the subgraph
D’ corresponds to an oriented sub-hypergraph M’ of M. It is easy to check that M’ covers
the requirement function p if and only if D’ satisfies (6.6). O

6.4.2 'TDI property

The above construction shows that when the requirement function is intersecting supermod-
ular, the directed network design problem with orientation constraints can be transformed
into a submodular flow problem which is TDI. We now prove that the linear system that
we naturally associate to the original problem is also TDI, even for positively intersecting
supermodular requirement functions. To formulate the appropriate linear program, the

hypergraph analogue of orientation constraints must be defined. The elements of a set A’
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of hyperarcs are called semi-parallel if every hyperarc in A’ is an orientation of the same
hyperedge. In Theorem b.13, we would obtain an equivalent problem if we replaced every
hyperedge of the mixed graph by a set of semi-parallel hyperarcs, consisting of all pos-
sible orientations of that hyperedge, and imposed the additional constraint that at most
one of these semi-parallel hyperarcs can be in the chosen sub-hypergraph. This concept
of orientation constraints can be further generalized: we allow arbitrary disjoint sets of
semi-parallel hyperarcs, and arbitrary lower and upper bounds on the number of hyperarcs

selectable from such a set.

Theorem 6.14. Let D = (V, A) be a directed hypergraph, with f : A — Z, and g : A —
Z lower and upper integral capacities on the hyperarcs. Let Ay, ..., Ay C A be disjoint sets
of semi-parallel hyperarcs, with corresponding lower and upper bounds l;,u; (i = 1,...,t).
Let furthermore p : 2V — Z, be a positively intersecting supermodular set function, and

c: A—7Z a cost function. Then the system

(S)  min) c(a)z(a) (6.7)

acA
0.(2) > p(2) for cvery Z €V (63)
f(a) < z(a) < g(a) for every a € A (6.9)
1<) a(a) < u (i=1,...,1) (6.10)
a€A;

1s TDI. Moreover, the values of an optimal dual solution corresponding to the inequalities

(6.8) may be assumed to be positive only on a laminar family of sets.

Proof. Let ¢ : A — 7Z be an integral cost function. Let y denote the dual variables

associated with the inequalities in (6.§), and let z denote the dual variables associated

with the other inequalities. For a hyperarc a € A, the dual constraints are of the form

ST yX) |+ 2be < ca) (6.11)

X: acAL(X)
for an appropriate vector b,. For an appropriate vector b, the dual objective function is
max (Z y(X)p(X) + zb) . (6.12)
XCV

Let (y*,2*) > 0 be an optimal dual solution such that ), y*(Z) is minimal. The
main observation is that we can assume that y* is positive only on a laminar family F. If
p(X) = 0, then y*(X) = 0, otherwise we could decrease y*(X) to 0. Suppose that y* is
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Figure 6.3: Construction of the network matrix in Theorem (.14

positive on two intersecting sets X and Y where p(X),p(Y) > 0; let @ = min{p(X),p(Y)}.
Decrease y*(X) and y*(Y) by «, and increase y*(X NY) and y*(X UY) by a. Since
0a(X) + 0.(Y) > 0,(X NY) + 0,(X UY) for each hyperarc a, the inequality (6.11) is
preserved. The positively intersecting supermodularity of p implies that the dual objective
function (6.17) does not decrease. By Claim P.5, after a finite number of uncrossing steps,
we obtain an optimal dual solution where y* is positive on a laminar family F.

Modify the system (S) by replacing (6.§) with

0:(Z) > p(Z) for every Z € F; (6.13)

let us denote this system by (S’). Then (y*, z*) remains a feasible dual solution, and it is
obviously optimal. Thus if the modified system has an integral optimal dual solution, it
is optimal for the dual of (S) as well. The rest of the proof consists of showing that the
system (S’) can be described by a network matrix, hence it has an integral dual optimal
solution by Proposition £.27.

The construction of the corresponding network is shown on Figure B.3. The rows of
the network matrix will correspond to the edges of a directed tree 7" = (W', A}), and the
corresponding lower and upper bounds will be denoted by I’ and «/. The laminar family F
has a tree-representation (7, ¢) where T' = (W, A;) is an arborescence; 7" will include T as
a subtree. For an edge e € A; let I'(e) = —oo and u/(e) = —p(p~'(W.)), where W, is the
component of T — e entered by e. The node set W’ is obtained by adding new nodes w;
(t=1,...,t) to W (that is, one new node w; for each orientation constraint set .A; which
consists of semi-parallel hyperedges). For a set Z C V let wz € W denote the root node of
the minimal subtree of T" containing all nodes of ¢(Z). To finish the construction of 7", add
an edge e; = wzw; to A} for i =1,...,t, where Z; is the node set of the hyperedge whose
orientations are in 4;. Define the corresponding lower and upper bounds as I'(e;) = [,

u'(e;) = u;.
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The columns of the matrix will represent a set A, of directed edges, with a one-to-one
correspondence between the hyperarcs in A and the edges in A). To a hyperarc a € A;,
assign an edge w;h(a). To hyperarcs a € A not appearing in any A;, assign an edge wzh(a),

where Z is the node set of a.

Let N denote the network matrix given by the above network (W'; A}, A,). Then by
Proposition .25 the system

{z:A, - Q: I'< Nz <, f<z<g}

is TDI. Moreover, by the one-to-one correspondence between the edges in A} and the
hyperarcs in A, this system is equivalent to the system (S’). This implies that (S’) has an

integral dual optimal solution, which in turn is an optimal dual solution for (S). O

6.4.3 Min-max theorems

Theorem implies that the polyhedron described by (S) is integral, and for every integer
cost function there exists an integral optimal dual solution where the family of the sets
with positive dual variable is laminar. This allows us to formulate fairly friendly new
min-max formulas for some graph problems. For example, what is the maximum number
of undirected edges, or the maximum number of directed edges, that can be removed
from a mixed graph such that the obtained subgraph has an orientation covering a given
intersecting supermodular set function p? The following corollary describes a min-max

formula that involves both of these problems.

Corollary 6.15. Let G = (V; E, A) be a mized graph (where E is the set of undirected
edges and A is the set of directed edges). Let ¢ : EU A — {0,1} be a cost function, and
p: 2V — Z. a positively intersecting supermodular set function. Then the minimum cost

of a subgraph that has an orientation covering p equals

F laminar
XeF XeF

max (me —en(F) = 3 0alX) + u(f)) , (614

where u(F) is the sum of the costs of the undirected and directed edges that enter at least

one member of F.

Proof. To formulate the problem in the terms of Theorem [6.14, let the directed hypergraph
D = (V, A) be the digraph obtained from G by replacing the undirected edges of G by a
pair of oppositely directed edges, and let us assign an orientation constraint to every such

pair, with bounds /; := 0 and u; := 1. Let the cost of the edges in a pair be the cost of the
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corresponding undirected edge in E. The capacities of the edges are bounded by f = 0,
g=1

For a {0, 1}-valued cost function ¢, consider the system (S), and let the dual solutions
be denoted by (y, z), where y consists of the dual variables associated to the constraints
in (b.§). Take an integral dual optimal solution (y*,z*) > 0, where y* is positive on a
laminar family, and |z*| is minimal. Let F be the laminar family where every set X has
multiplicity y*(X). It follows from the minimality of |z*| that the objective value of this

dual solution is

> p(X) =) (el F) —cle))" =D (Z pa(X) — c(a)> -

XeF c€E a€A \X€EF
= p(X) —en(F) = D oa(X) + u(F).
XeF XeF

Conversely, the value of (6.14) corresponds to the value of the following dual solution
(y*,2z*). Let F be a laminar family where the maximum is attained in (6.14). For X C V,
let y*(X) be the multiplicity of X in F. Define the values of the dual variables in z* as
required by the dual constraints, always setting a variable corresponding to an edge to 0
if the edge also belongs to an orientation constraint. In this case the dual objective value

is equal to the expression ([6.14). O

6.5 Local connectivity requirements

Theorems b.13 and B.14 show that in relation to the covering of intersecting supermodular
set functions, a relatively large class of orientation problems can be efficiently solved. The
preceding results of the chapter indicate that a somewhat more restricted class is solvable
concerning the covering of crossing supermodular set functions. In this section we attempt
to further relax the condition of crossing supermodularity. As we have mentioned at the
beginning of the chapter, it is open whether some analogue of Theorem (.4 can be proved
for hypergraphs. The problems discussed in this section are much less ambitious, but

nevertheless they have some interesting corollaries.

6.5.1 Local requirement for one pair of nodes

We consider k-edge-connected orientations of graphs and hypergraphs, where the number
of edge-disjoint paths required between two designated special nodes may be more than
k. First we formulate a partition-type condition for the hypergraph case, and prove its

sufficiency using a modified uncrossing method.
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Theorem 6.16. Let H = (V,E) be a hypergraph, s,t € V designated nodes, and ky, ko > k
positive integers. H has a k-edge-connected orientation such that there are ky edge-disjoint
paths from s to t and ko edge-disjoint paths from t to s if and only if
en(F) =D p(X) (6.15)
XeF

for every partition F, where
(

0 fX=0orX=V,

ki if X is an St-set,
p(X) == 4 ~ (6.16)
ko if X 1s a ts-set,

| k otherwise.

Proof. We may assume that every hyperedge of H contains at least 2 nodes. The goal is
to find an orientation of H that covers p. Observe that the set function p has none of the
properties discussed in the previous sections (it is not crossing supermodular, monotone
decreasing, or symmetric). As in the proof of Theorem [.11], we increase the value of p
on the singletons so that every singleton {v} is in a tight partition F, (a partition that
satisfies (f.15) by equality); let F := > _,, F, be the sum of these partitions, and let p’
denote the modified set function; then

> P(X) =en(F). (6.17)

XeF

Apply one of the following three operations on F as long as any of them can be applied
(see Figure b.4):
(i) Uncross X € F and Y € F (see Lemma P.4) if they are crossing unless one of them

is an St-set and the other is a ts-set;

(ii) If F contains a co-partition, replace it by the partition obtained by taking the com-

plement of every member;

(iii) If X € F is an St-set, Y € F is a ts-set, and there is a sub-family G C F such that
co(G) is a partition of X NY, replace X, Y and Gin F by X =Y, Y — X and co(G).

Claim 6.17. These operations do not increase ex(F), and do not decrease Y . p'(X).

Proof. A simple case analysis shows that the operations do not increase ey (F), as it suffices
to check that the operations do not increase ) . » 0,(X) for any hyperarc a. An even more
simple case analysis shows that the operations do not decrease )y p(X), consequently
they cannot decrease the value ) . p'(X), since singletons are never removed from the

family. O
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Figure 6.4: The 3 operations in the proof of Theorem E.If. The non-rounded rectangles

represent their complement.

Obviously F remains regular throughout the process. The second and the third oper-
ations decrease hy(F), and by Claim B.§ the first operation can be applied only finitely
many times consecutively, so after a finite number of steps none of the three operations can
be applied. Let us denote the obtained regular family by F’; (6.17) and Claim imply
that D v P'(X) > en(F'). Let F” be the regular family obtained from F’ by decreasing

the multiplicity of every singleton by one.

Claim 6.18. F” decomposes into partitions.

Proof. We can assume that there is an St-set and a ts-set, otherwise the unavailability of the
first and the second operation would imply that F” is a cross-free family that decomposes
into partitions. The st-sets in F” form a chain, the ts sets likewise. Let X be the minimal
st-set, and Y the maximal ts-set in F”.

If XNY # (), then for every v € X NY there is a vt-set in F”, since F” is regular;
let B denote the family of these sets. By the minimality of X, the members of B are not
st-sets. Furthermore, they are neither crossing each other, nor X, nor Y, since the first
operation cannot be applied. This is only possible if the minimal sets in co(B) define a
partition of X NY. But then the third operation would have been applicable, contradicting

the assumption.

Thus X and Y are disjoint. For every v € V — X — Y there is a tv-set in F”, since F”
is regular. By the maximality of Y, these sets are not ts-sets, so they are disjoint from X
and Y, otherwise they would cross X or Y. The minimal such sets are also disjoint from
each other, so they form a partition P of V' — X — Y. Thus F” contains the partition
P+ {X,Y}. By induction, F” decomposes into partitions. H

If the conditions of the theorem are met, then ) v, p'(X) < en(F") by Claim .18, so
Y xer P'(X) > en(F') implies that the partition formed by the singletons must be tight.
Let the vector x : V' — Z be defined by z(v) := p'({v}); then z(V) = |&].
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The end of the proof is the same as for Theorem (.11. We define the partition Fy :=
{Y}U{{v}: veV =Y} for every set Y C V. The conditions of the theorem imply that

2(Y) =[] —a(V =Y) = €] +p(Y) = > ¥(2)

ZeFy
> ] —en(Fy) + (V) =in(Y) +p'(Y).

Thus z(Y) > ig(Y)+p' (V) for every set Y C V', and by Lemma there is an orientation

with in-degree vector x that covers p’, hence it covers p. O

6.5.2 Characterization of (k,[)-partition-connectivity (k <)

An interesting corollary of Theorem is a characterization of (k,[)-partition-connected

hypergraphs for k£ < .

Corollary 6.19. A hypergraph H = (V, &) is (k,l)-partition-connected for k < 1 if and
only if for every pair s,t € V it has a k-edge-connected orientation with | edge-disjoint

paths from s to t.

Proof. 1t is easy to check that if for every pair s,¢ € V the hypergraph H has a k-edge-
connected orientation with [ edge-disjoint paths from s to ¢, then ey (F) > k(|F| —1) +1
must hold for every nontrivial partition F, since we can always choose s and t to be in
different members of the partition.

To prove the other direction, let H be a (k,l)-partition-connected hypergraph. Then
Theorem B.1G implies that for every pair s,t € V it has a k-edge-connected orientation

with [ edge-disjoint paths from s to t. O

Corollary .19 gives a method (albeit a relatively complicated one) for showing someone
that a given hypergraph is (k,[) partition-connected for some k& < [. For every pair of
nodes s,t € V, we can give a k-edge-connected orientation that contains [ edge-disjoint

paths from s to ¢, and this property can be verified in polynomial time.

6.5.3 Characterization of (2k + 1)-edge-connected graphs

A simple observation shows that for graphs the condition of Theorem B.16 can be further

simplified: instead of partitions, it suffices to consider cut conditions.

Theorem 6.20. Let G = (V, E) be an undirected graph, with s,t € V designated nodes,
and let k, ki, ko be positive integers for which ki, ke > k. Then G has a k-edge-connected

orientation such that there are ky edge-disjoint paths from s to t and ko edge-disjoint paths



Section 6.5. Local connectivity requirements 113

from t to s if and only if dg(X) > 2k for every 0 # X C V., and dg(X) > ki + ko for every

St-set.

Proof. Let us define p by (b.16). Suppose indirectly that the conditions of the theorem
hold, yet there is a partition F such that

(o) = 3 T o5y,

XeF XeF

This implies that there is a member X of F such that p(X) > dg(X)/2, and X must
separate s and t, otherwise it would violate the conditions. Let Y be the other member of
F separating s and ¢. Then either ky + ky > (dg(X) +dg(Y))/2, or k > dg(Z)/2 for some

other member Z of F, contradicting the conditions. ]

Theorem B.20 can also be proved using a different approach that does not seem to
extend to hypergraphs, namely a simple application of Theorem B-3 of Mader on undirected

splitting-off preserving local edge-connectivity.

Alternative proof of Theorem [6.20. We use induction on the number of edges of G. Call a
set X tight if dg(X) = k1 + ko and X separates s and ¢, or dg(X) = 2k and X does not
separate s and t. We may assume that every edge enters a tight set. If every edge of G
enters a tight set separating s and ¢, then the edge set of G' can be partitioned into k1 + ko
simple paths between s and ¢, and every node v is reached by at least k such paths, since
dg(v) > 2k. Let G be the digraph obtained by orienting k; paths from s to ¢, and k5 paths
from ¢ to s; then pz(X) > k and oa(V — X) > k for every set ) # X C V — {s,t}, hence
Gisa good orientation.

We can now assume that there exists a non-empty minimal tight set W not containing
s and t. Observe that if X and Y are crossing tight sets, then either one of them is an
st-set and the other is a ts-set, or X NY is tight; therefore the minimality of W implies
that i¢(W) = 0, since an edge spanned by W would not enter a tight set. Thus W is a
singleton {w} with dg(w) = 2k.

By Theorem B.3, there is a complete splitting at w that preserves the conditions of
the Theorem. By induction, the resulting graph has a good orientation, which can be
transformed into a good orientation of the original graph by the inverse operation of edge
splitting: if the orientation of the edge that resulted from the splitting-off is a directed

edge uv, then replace it by directed edges uw and wwv. O

Finally, let us mention a corollary regarding (2k+1)-edge-connected graphs. This can be
seen as a counterpart of Theorem [B.1] of Nash-Williams on the characterization of 2k-edge-

connected graphs, although it is much less elegant. Theorem (.20 implies the following;:
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Corollary 6.21. A graph G = (V, E) is (2k + 1)-edge-connected if and only if for every
pair s,t € V it has a k-edge-connected orientation with k + 1 edge-disjoint paths from s to
t. OJ



Chapter 7

Combined augmentation and

orientation

7.1 Introduction

The problems discussed in this chapter have ties to both connectivity orientation and
connectivity augmentation. The results of Chapter B suggest that the property that a
hypergraph has an orientation with high edge-connectivity may itself be considered as a
connectivity property. For example, the existence of a (k,[)-edge-connected orientation
is equivalent to the (k,[)-partition-connectivity of the hypergraph (defined in Chapter
). It is reasonable to ask when can connectivity augmentation be solved for this kind
of connectivity properties. In other words, we examine the solvability of the following
problem: given a hypergraph Hj, add an optimal set of hyperedges to Hy such that the
resulting hypergraph has an orientation with some prescribed connectivity property.

At first glance this question could seem to be closely related to the undirected augmen-
tation problems described in Chapter B. Interestingly, it turns out that it has more in
common with the connectivity augmentation of directed hypergraphs, discussed in Chap-
ter . In particular, we will extensively use the directed splitting-off technique described
there.

Problems will be presented in the usual framework involving the covering of set func-
tions, but in the first sections we restrict ourselves to non-negative crossing supermodular
set functions. This class includes the requirement function for (k,!)-edge-connected ori-
entations, and the obtained results give min-max formulas on (k, [)-partition-connectivity
augmentation.

The final section contains some results on combined augmentation-orientation problems

when the requirement function is only positively crossing supermodular. The character-
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izations become much more complicated in that case, and the solvability of minimum
cardinality augmentation remains open; we only address the degree-specified problem.
The new results presented here are partly from [35], a joint paper with Andras Frank,
and partly from [562], a joint work with Marton Makai. It should be noted that the theorems
of the chapter give new results even in the special case when they are restricted to graphs.
For example, a min-max theorem on minimum cardinality (k, [)-partition-connectivity aug-

mentation of graphs can be derived from Corollary [/.T1].

7.2 Augmentation to meet orientability requirements

7.2.1 Degree specified augmentation

As in the case of undirected and directed edge-connectivity augmentation, we first prove
a degree specified augmentation result. The conditions on the requirement function are a
bit more restrictive now, since we require non-negativity, like in Theorem B.11. Note that
Theorem B.11] actually corresponds to the special case of the following theorem when the
degree specification is 0 on every node.

We have seen that there can be different objectives in an augmentation problem, depend-
ing on the restrictions on the sizes of the added hyperedges. The results presented here
give characterizations for both the uniform and the unrestricted augmentation problem.
The given characterizations are “good” in the sense that they provide an easily verifiable

certificate if the augmentation is impossible.

Theorem 7.1. Let Hy = (V, &) be a hypergraph, p : 2V — 7Z. a non-negative crossing
supermodular set function, m : V. — Z. a degree specification, and 0 < v < m(V)/2 an
integer. There exists a hypergraph H = (V, &) with ~ hyperedges such that Hy + H has an
orientation covering p and dg(v) = m(v) for every v € V if and only if the following hold
for every partition F of V:

72 S (2) = emy(F), (7.1)

ZeF
?1.17_1_?71 (V-X) Zze;p — e, (F), (7.2)
P 0V = X) (P10 2 SV = 2) —emfenl 7). (2

In addition, H can be chosen so that

L@J <le| < {@W for every e € £. (7.4)
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Proof. The right hand side of the inequalities is the deficiency of the hyperedges of Hy on
the appropriate families. The necessity of the conditions follows from the observation that
the left hand side is always an upper bound on the contribution of the new hyperarcs. In
(7.1): every new hyperarc can enter at most one set of F; in ([.2): every hyperarc that
enters a set of F must have a node in V' — X in ([(.3): the number of sets of co(F) that a
new hyperarc enters is at most |F’| — 1 plus the number of nodes it has in V' — X.

The proof of sufficiency is based on the orientation of an extended hypergraph. We add
a new node z to the set of nodes, and for every v € V we add m(v) parallel edges between
v and z; the resulting hypergraph is denoted by Hj = (V/,&}). Our first aim is to find an

orientation I—f(’) of H| that has the following properties:

o, (V) =1, (7.5)
0, (X) = p(X) ifD#XCV, (7.6)
o (X +2) =pX) #HO#XCV. (7.7)

To find such an orientation, we use Lemma B.10. A vector x : V — Z, is called feasible
if it is the vector of in-degrees (restricted to V') of an orientation satisfying ([7.5)—([7.1).
It is easy to see using Lemma .10 that z is feasible if and only if 2(V) = |&| + v and
2(Z) > pm(Z) for every Z C V', where

Pin(X) = p(X) +im(X) + (v =m(V = X))" (X CV). (7.8)

Thus a vector x is feasible if and only if it is an integral element of B(p,,) (as defined in

(2.9)).

Claim 7.2. The set function p,, is crossing supermodular.

Proof. The crossing supermodularity of p and ([.3) implies that p + iy, is crossing super-
modular. Let m*(X) := (y—m(V —X))™; we show that this set function is fully supermod-
ular. If m*(Y') = 0, then m*(X)+m*(Y) = m*(X) < m*(XUY) = m*(XNY)+m*(XUY).
If m*(X),m*(Y) > 0, then m*(X) + m*(Y) =2y =2m(V)+m(X NY)+m(XUY) <
m* (X NY)+m*(XUY). The sum of a crossing supermodular and a fully supermodular

function is crossing supermodular. ]

Theorem P.11] implies that if B(p,,) is non-empty, then it is a base polyhedron, hence

its vertices are integral.

Claim 7.3. If conditions ([7.1)-([7.3) are satisfied, then B(p,,) is non-empty.
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Proof. By Theorem E.T1], it suffices to show that

> pnl(X) < &l +7. (7.9)
XeF
3 bV = X) < (1F] = 1) (1E] +7) (7.10)

XeF

both hold for every partition F. Note that v — m(V — X) can be positive for at most
one member of a partition, since v < m(V)/2. Thus ([.9) follows from ([.12), and either
(7.2) or ([7.1), depending on whether F has such a member or not. The inequality ([7.10)
follows from ([[.12) and ([.3), if F” is chosen to consist of the members X of F for which
v—m(X) <0. O

By Theorem R.11, B(pm,) is a base polyhedron with integral vertices, and any such
vertex x is the vector of in-degrees (restricted to V') of an orientation ]—f(’) of H| satisfying
-, )

Let m;(v) be the multiplicity of the edge zv in H|,, m,(v) be the multiplicity of the edge
vz in ﬁ(’), and let H, denote the directed hypergraph obtained from h_f(’) by deleting the
node z. Then m;(X) > p(X) — 0 (X) and mo(V — X) > p(X) — 05, (X) for every X C V.
By ([.4) and the crossing supermodularity of p, the set function ¢(X) := p(X) — o5 (X)
is crossing supermodular. Theorem (.7 asserts the existence of a directed hypergraph
D = (V, A) that covers ¢, and satisfies the degree specifications m; and m,. This means
that ﬁo + D covers p, and the undirected hypergraph H that underlies D satisfies the
degree specification m. Theorem @ also ensures that (@) is satisfied. Since Hy + D is
an orientation of Hy + H, this completes the proof of Theorem [(1]. O

If the requirement function p is monotone decreasing or symmetric, then the conditions
of Theorem [.1] can be simplified.

Theorem 7.4. Let Hy = (V, &) be a hypergraph, p : 2V — Z, a monotone decreasing or
symmetric non-negative crossing supermodular set function, m : V — Z. a degree speci-
fication and 0 < v < m(V)/2 an integer. There exists a hypergraph H with v hyperedges
satisfying the degree-specification m such that Hy+ H has an orientation covering p if and

only if the following hold for every partition F of V :

v 2> p(Z) = em(F), (7.11)
minm(V = X) > " p(Z) - e, (F). (7.12)
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In addition, H can be chosen so that
{MJ <le| < [M—‘ for every e € E. (7.13)
Y Y
Proof. By definition, eg, (F) < ey, (co(F)) for every partition F of V| and the monotonic-
ity or symmetry of p implies that ZZECO(H p(Z) <3 ,p(Z) also holds. It is easy to see
from this that (.3) is implied by ([7.1) if |F'| = 0 or |F'| > 2, and it is implied by ([.) if
7| = 1. H

7.2.2 Minimum cardinality augmentation

As in the case of augmentation problems considered in Chapters B and @, the charac-
terization of the degree specifications that allow a good augmentation helps to deduce a
characterization of the minimum number of hyperedges needed. In the present case we

obtain the following theorem:

Theorem 7.5. Let Hy = (V, &) be a hypergraph, p : 2V — Z, a non-negative crossing
supermodular set function, o > 0 and 0 < v < o/2 integers. There ezists a hypergraph
H = (V,&) with v hyperedges of total size o such that Hy+ H has an orientation covering
p if and only if

o+ hx(F)+ (0= hx(F) > > p(Z) = en, (Fi + co(F2)) (7.14)
ZeF1+co(Fz)

whenever Fy and Fy are tree-compositions of some X C V, F, + Fs is cross-free, and

hx(F) <0 (i.e. either Fy is a partition of X, or X =V and Fo =0).

In addition, H can be chosen so that
LgJ <le| < [gw for every e € £. (7.15)
g Y

Proof. The right hand side of ([(.14)) is the deficiency of Hy on the family F; + co(Fz). The
number of sets of F; that a new hyperarc enters is at most hy(F7), plus 1 if its head is in
X. The number of sets of co(F,) that a new hyperarc a enters is at most (|a| — 1)hx(F2)
plus the number of tail nodes it has in X. This shows the necessity of ([[.14). To prove

sufficiency, we define the following functions for every X C V and compositions Fi, Fo of
X:
Qx(Fi,Fo) = > p(Z) —en, (Fi+ co(F)) = vhx(F1) — (0 = hx(F2)),
ZeF1+co(Fa)
q(X) :=max{Qx(F1,Fs) : Fi and F; are tree-compositions of X,
F1 + Fy is cross-free, hx(Fz) < 0}.
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Condition ([(.14) is equivalent to the inequality maxxcy ¢(X) < o; let us assume that this
holds. We may observe that if a degree-specification m : V' — Z satisfies m(Y) > ¢q(Y)
for every Y C V and m(V) = o, then m satisfies (7.1)—([.3). Indeed, (F.1)) for a partition
F follows if we consider m(Y) > ¢(Y) with the choice of Y =V, F; = F, and F, = 0 (
hence hy (F;) = 0 and hy(F2) = —1). Inequality ([.2) for a partition F and a member
X € F is obtained by setting Y =V — X, F; = F —{X} (a partition of V') and F» = {Y'}
(thus hy (F1) = 0 and hy (F,) = 0). Finally, ([[.3) for a partition F, a subpartition 7' C F
and X = UF' is obtained from m(Y) > ¢(Y) with the settings Y =V — X, F; = co(F’),
and Fy = F — F' (in which case hy (Fy) = |Fi1| — 1 and hy (F3) = 0).

By Theorem [I1] the existence of such a degree-specification m implies the existence of
a hypergraph H that satisfies the requirements. To prove the existence of a good degree-

specification, we use the properties of a set function slightly different from g:

¢(X) := max{Qx (F1, Fs) : Fi and F; are tree-compositions of X}.
Claim 7.6. The value Qx(Fi, F2) does not decrease if we remove a partition or a co-
partition of V' from Fy or Fs.

Proof. Tt is easy to see that if X NY = 0, FX, F5* are compositions of X, and F}, Fy are

compositions of Y, then
Qx(Fi', F3) + Qv(F Fy ) = Qxuv (Ff + F L Fy +F5)). (7.16)

The case Y = () proves the claim, since ¢(V') < o implies that ¢()) < 0. O

Claim 7.7. The set function ¢ is fully supermodular.

Proof. Let X,Y CV, and suppose that the maximum in the definition of ¢ is reached on
families ¥, F5*, and FY, FY, respectively. Let Fy := FX + FY, Fp :== F5* + Fy . We

apply the following operations, as long as any of them is possible:
(i) If Zy, Zy € Fy are crossing, then replace them in F; by Z; N Zy and Z; U Z,.
(i) If Z3, Zy € Fy are crossing, then replace them in F» by Z; N Zy and Z; U Zs.

Lemma P.4 implies that after a finite number of steps, the resulting families F] and
Fy become cross-free. By Lemma P.3 F/ decomposes into a composition FX™ of X N
Y and a composition FXYY of X UY (i = 1,2); and all of these families are cross-

(2

free. The crossing supermodularity of p implies that }_, , p(Z) < ZZE]E{ p(Z) and
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Figure 7.1: Operations (i), (ii), (iii), and (v) in the proof of Claim [I.§

> zern PV —2) < ZZefg p(V — Z). Tt is easy to check using Proposition @ that
e (Fi* +eo(Fs)) +em (Fi +co(Fy)) = e (Fi™ +eo(F™)) +eny (FIY +co(F5)).
Since the uncrossing does not change the height of families, we also have hx(F) +
hy (F7) = hxey (F™) + hxoy (FFYY) (i = 1,2). Thus Q(F7, F5') + Q(F), Fy) <
Q(F{EY FY) 4 Q(FXYY, FXYY). Using Claim 7.6, we obtain that ¢/(X) + ¢/(Y) <
(XNY)+¢(XUY). O

Claim [7.7 and Theorem R.TT imply that there exists a vector m : V' — Z, with m(V) = o
that satisfies m(X) > ¢/(X) for every X C V' if and only if maxxcy ¢'(X) < o.

Claim 7.8. If condition ([7.14) holds, then maxxcy ¢'(X) = maxxcy q(X) < 0.

Proof. Let X be the set where the maximum is reached for ¢/, and let F;, F» be tree-
compositions of X for which ¢/(X) = Qx(Fi,F,). We transform F; and F» using the

following operations until none of them is applicable (see Figure [7.]):
(i) If Zy, Zy € Fy are crossing, then replace Zy, Zy by Z) N Zy, Z1 U Zy in Fi.
(i) If Z1, Zy € Fy are crossing, then replace Z1, Zy by Z3 N Zy, Z3 U Zy in Fs.

(iii) If F» is a partition of some Z C V, and Z; € F; and Zy € F, are crossing, then
replace Z1 by Z1 — Z5 in Fi, and replace Zy by Zy — Z; in Fs.

(iv) It {Z,..., 2} C Fror {Z1,...,Z;} C Fsis a partition or a co-partition of V| then

remove 41, ..., Z; from that family.

(v) If F, is a composition of Z C V and it contains a subfamily {Z;,...,Z;} (t > 2) of
pairwise co-disjoint sets such that () # NZ; € Z, then remove Zi,...,Z; from F,
and add V — Zy,...,V — Z; to Fi.
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Throughout the process, F; and F; are compositions. The cardinality of the set for
which they are both compositions decreases in operation (iii), while operations (iv) and
(v) decrease either hx(F;) or hx(F3). Thus by Lemma P.4 the process terminates after
a finite number of steps. We denote by F| and Fj the families obtained at the end. It is
easy to see that F| and F, are tree-compositions of some X' C X, F| 4+ F} is cross-free,
and hx/(F}) < 0 by Claim B.3. Moreover, Qx(Fi,F2) does not decrease in any of the
steps (in (i)—(iii) this follows from the supermodularity of p, in (iv) it is a consequence of
Claim [7.6, and in (v) it can be deduced from the definition of Qx(Fi, F2)). This proves
that maxxcy ¢'(X) = maxxcy ¢(X). O

By Claim [I.§, ¢ > maxxcy ¢/(X). Thus there exists a vector m : V. — Z, with
m(V) = o that satisfies ([[.1)—([".3), therefore by Theorem [I.]] there exists a hypergraph H
with v hyperedges of total size o such that Hy + H has an orientation covering p, and H
satisfies ([(.I5). This concludes the proof of Theorem [I.3. O

If the requirement function p is monotone decreasing or symmetric, then Theorem [-3

can be simplified.

Theorem 7.9. Let Hy = (V, &) be a hypergraph, p : 2V — 7, a monotone decreasing
or symmetric non-negative crossing supermodular set function, o > 0 and 0 < v < 0/2
integers. There exists a hypergraph H with v hyperedges of total size o such that Hy + H

has an orientation covering p if and only if the following hold:

v > Z p(Z) — en,(F) for every partition F, (7.17)
ZeF

o> Y plZ) - e, (Fi+co(F)) (7.18)
ZeFi1+co(Fa)

whenever Fi and Fo are partitions of some X C V and Fi is a refinement of Fy. In

addition, H can be chosen so that
LEJ <le| < [g—‘ for every e € €. (7.19)
Y Y

Proof. 1t suffices to show that if condition ([.14) is violated for some pair (Fy, F2), then it is
also violated by a pair (Fj, F}) that has the additional properties that F is a subpartition,
and Y, ¢ Y] for every Y} € F], Y5 € F). Such families can be obtained from F; and F;, by

repeating the following operations as long as any of them is possible:

(i) If F, is a composition of Z C V, it contains a subfamily {Wy,..., W} (s > 2)
of pairwise co-disjoint sets such that W := NW; C Z, and F; contains a partition
{Z1,..., 7} of W, then remove Wy, ..., W, from F; and 73, ..., Z; from Fs.
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(i) If F; is a composition of Z C V and it contains a set W C Z such that F; contains a
nontrivial partition {Z1, ..., Z;} of W, then replace W in F; by the sets 71, ..., Z,
and replace Zy,...,Z; in F5 by W.

After a finite number of steps, none of the above operations are applicable; let (F;, F3) be
the pair obtained at that point. Then it follows from Claim that F] must be a partition
of some X’ C V, and operation (ii) guarantees that F] is a refinement of F; if Fj # (). If
([717) holds, then the value Qx (F1, F2) does not decrease during the above two operations.
For (i) this follows from ([/.1@), since the symmetry or monotone decreasing property of p
implies that Qw ({W1,..., W, {Z1,..., Z:}) < Qu({V —-Wh,....V =W, Zy,...,Z;},0) <
0. For (ii), it follows because p(W) +>r_ p(V — Z;) < p(V = W)+ 3i_, p(Z;), again due

to the symmetry or the monotone decreasing property of p. O

Remark. The following example shows that ([.17) itself is not sufficient in Theorem [7.9.
Let V = {v1,v9, 03,04}, E = {v1vg,v103,v104}. Let p = 1 on the sets {va}, {vs}, {v4} and
on their complement; let p = 0 on all other sets. If we allow only the addition of graph
edges, we need at least 2 of them for a feasible orientation (two edges suffice, since after
adding vyvz and vsv, the graph has a strong orientation) but ([7.17) requires only v > 1,
since the only deficient partitions are {{v;},V —v;} (i = 2,3,4).

7.3 (k,l)-partition-connectivity augmentation

If £ > [, then the set function py; defined in (f.3) is non-negative, monotone decreasing,
and crossing supermodular, therefore Theorems [7.4 and [.9 can be applied when it is the
requirement function. Since by Theorem (.13 a hypergraph is (k,1)-partition-connected

for k > [ if and only if it has a (k,[)-edge-connected orientation, we obtain the following:

Corollary 7.10. Let Hy = (V, &) be a hypergraph, m : V' — Z, a degree specification,
0 <~y <m(V)/2 an integer, and k > | non-negative integers. There exists a hypergraph
H with v hyperedges such that Hy + H is (k,l)-partition-connected and dg(v) = m(v) for
all v € V if and only if the following hold for every nontrivial partition F of V:

minm(V — X;) > (|F| - Dk +1—ep,(F) . (7.21)
In addition, H can be chosen so that
{@J <lel < [@—‘ for every e € £. (7.22)

O
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Note that Corollary [7.10 has some interest even in the very special case when Hy = (). A
result of Edmonds [I6] states that a degree-sequence my, ..., m,, is realizable by a k-edge-
connected graph if and only if > " |, m; is even, and m; > k for every i. Corollary [7.1(
implies the following similar result: given k > [, a degree-sequence my, ..., m, is realizable
by a (k,l)-partition-connected graph if and only if > "'  m; is at least 2k(n — 1) + 21, it is
even, and m; > k + [ for every i.

When [ = 0, this implies the following tiny result (which is not difficult to prove directly
either): If a degree-sequence is realizable by a k-edge-connected graph with at least k(n—1)
edges, then it is also realizable by a graph containing k edge-disjoint spanning trees.

On minimum cardinality augmentation, Theorem [(.g gives the following:

Corollary 7.11. Let Hy = (V, &) be a hypergraph, c > 0, 0 < v < o, and k > | non-
negative integers. There is a hypergraph H with v hyperedges of total size o such that

Hy + H is (k,l)-partition-connected if and only if the following two conditions are met:
(i) v> (|F| =Dk +1—en,(F) for every nontrivial partition F,

(i) o > |Filk + | F2|l — en, (F1 + co(Fa)) whenever Fy and Fy are partitions of some
£ X CV and Fy is a refinement of Fs.

In addition, H can be chosen so that

{gJ <le| < [E—‘ for every e € £. (7.23)
Y v

O

Remark. The graph on Figure shows that the second condition in Corollary [-11]
cannot be simplified. We need to add at least 2 edges to the graph to have a (3, 1)-edge-
connected orientation from root s, but the simplest evidence for this is the family indicated
on the figure (consisting of the round sets and the complements of the square sets), whose
deficiency is 3, while a new edge can enter at most 2 sets. The figure on the right shows that
the addition of 2 edges is sufficient (to see that the digraph is (3, 1)-edge-connected, observe

that it contains 3 edge-disjoint out-arborescences from s, and also an in-arborescence to

s).

Let v > 2 be an integer. Because of ([(.23), Corollary [[.11] gives a characterization for
minimum cardinality augmentation with v-hyperedges. A simple observation shows that a
characterization of minimum total size augmentation can also be derived. It is easy to see
that we get the best bound if v = |0/2]:
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(=) =)

Figure 7.2: (3, 1)-partition-connectivity augmentation by graph edges. Condition (ii) in
Corollary is tight on the indicated family (the non-rounded rectangles represent their
complement). The picture on the right shows a (3,1)-edge-connected orientation of the

augmented graph.

Corollary 7.12. Let Hy = (V, &) be a hypergraph, o > 0 and k > | non-negative integers.
There is a hypergraph H of total size o such that Hy + H is (k,l)-partition-connected if

and only if the following two conditions are met:
(i) § > (|F| =1k +1— e, (F) for every nontrivial partition F,

(i) o > |Filk + |Fa|l — en, (F1 + co(Fs)) whenever Fy and Fy are partitions of some
X CV and F;y 1s a refinement of Fs.

In addition, there is an optimal H that contains only graph edges and at most one 3-

hyperedge.

7.4 More general requirement functions

In this section we illustrate what happens if instead of considering only non-negative cross-
ing supermodular requirement functions, we allow the broader class of positively crossing
supermodular functions. We were only able to solve the degree-specified problem in this
case, and the characterizations are not elegant. However, the result provides an extension
of combined augmentation and orientation to mixed graphs and mixed hypergraphs, so it

may be of some interest.

7.4.1 Mixed hypergraphs

The orientation of mixed graphs was the main motivation behind Theorem B.5 of Frank
[25], which extended Theorem .3. We intend to generalize Theorem [7.] in a similar way. A
mized hypergraph M = (V; £, A) contains a set £ of hyperedges and a set A of hyperarcs;
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this notion already appeared in Theorem which was an extension of the results of
Khanna, Naor, and Shepherd [60] on network design with orientation constraints.

The problem of finding an orientation of a mixed hypergraph M = (V; £, A) that covers a
set function p is equivalent to the problem of finding an orientation of the hypergraph H =
(V,€) that covers the set function p'(X) = (p(X) — 04(X))*. While p’ is not necessarily
crossing supermodular if p is such, it certainly is positively crossing supermodular. This
motivates the study of combined augmentation and orientation problems for positively
crossing supermodular requirement functions. Minimum cardinality augmentation (even
with graph edges) remains an open problem, but we present a solution for the degree-

specified problem.

Remark. In Theorem B.5, crossing supermodular set functions with possible negative
values were considered. The following example shows that the positively crossing super-
modular case is more general, i.e. not every positively crossing supermodular set function
p can be made crossing supermodular by decreasing the value of p on some of the sets
where it is 0.

Let X1, Xs, X3 be three subsets of a ground set V, in general position. Let p(X;) = 1,
p(X; UX;) =2 (i #j), p(X1UXoUX3) =4, and p(X) = 0 on the remaining sets; this is
a positively crossing supermodular function. The value of p(X; N X3) cannot be decreased

since
p(X1NXz) > p(X1) + p(X2) —p(X1UX2) =0.
Therefore it is impossible to correctly modify p so as to satisfy

7.4.2 Degree specified augmentation

As in Theorem B.I0, our result gives characterizations for both the case when the added
hypergraph must be uniform and when there is no such requirement. When the degree-
specification is 0 on every node and Hj is a graph, we obtain Theorem B.J. Since the
characterizations in that theorem already included tree-compositions, we cannot expect

anything less complicated here.

Theorem 7.13. Let Hy = (V, &) be a hypergraph, p : 2V — Z. a positively crossing
supermodular set function, m : V. — Z, a degree specification, and 0 < v < m(V)/2 an

integer. We define the set function

P (X) = p(X) + (y = m(V - X))".
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There exists a hypergraph H = (V, E) with v hyperedges such that Hy+H has an orientation
covering p and dg(v) = m(v) for every v € V if and only if

D M2+ (v = m(X)T < ey (F) + (hx(F) + 1)y (7.24)

for every X CV and every tree-composition F of X. In addition, H can be chosen so that
V V
{MJ <lel < [m—‘ for every e € £. (7.25)
gl gl

Proof. The necessity follows from the fact that if F is a tree-composition of X, then
F'i=F +{V — X} is a regular family, }_, - 07 (Z) < e, (F') for any orientation Hy
of Hy, and >° ;5 05(2) < hg(F')y =X g (v — m(V — Z))" for any orientation H of a
hypergraph H satisfying the degree specification.

The sufficiency can be proved in essentially the same way as in the proof of Theorem
[[1. We define H|, similarly, and for X C V| let

pu(X) =i, (X) + (v = m(V = X)),

p2(X) = p(X) +ig,(X) + (y —m(V — X))".

In this case Lemma p.10 implies that an orientation of H{ satisfying ([[.5)—([[.7) exists if
and only if the polyhedron

{2:V = Q: aV)=p(V), 2(2) 2 p(Z)VZ CV, o(Z) > po(Z) ¥Z C V)

has an integral point.

Claim 7.14. The set function py is fully supermodular, and the set function ps is super-
modular on the crossing pairs (X,Y) for which p1(X) < p2(X) and p1(Y) < pa(Y).

Proof. The set function p; is the sum of two fully supermodular functions (see the proof
of Claim [.9), so it is fully supermodular. Since p is positively crossing supermodular, po
is supermodular on the crossing pairs (X,Y’) for which p(X) > 0 and p(Y) > 0, and these
are exactly the crossing pairs for which p; (X) < p2(X) and p1(Y) < pa(Y). O

Theorem P.24 implies that an orientation of H| satisfying ([.5)—([7.7) exists if and only
if

pi(V =X)+ Y p(2) < (hx(F) + Dp(V)
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for every X C V and every tree-composition F of X. Using ([.IJ) and the fact that
en,(F) = e, (F +{V — X}), this is equivalent to the condition of the theorem.

From here we can follow the line of the proof of Theorem @ Let I—T(’] be the orientation
of H|, satisfying (@)f(@), and let H, denote the directed hypergraph obtained from ﬁ(’)
by deleting the node z. Let m;(v) be the multiplicity of the edge zv in ]—fé, and m,(v) the
multiplicity of the edge vz in H). We define the set function ¢(X) = (p(X) — 05,(X))7F;
then ¢ is positively crossing supermodular. As in the proof of Theorem [/-1], we can apply
Theorem (.7 (with the m;, m, and ¢ defined above) to obtain a directed hypergraph D
whose underlying undirected hypergraph H is a good augmentation of Hy. Theorem .7
also ensures that ([7.25) can be satisfied. This concludes the proof of Theorem [/.13. O



Chapter 8
Concluding remarks

In these paragraphs we give a brief account of the open problems related to the various
topics discussed in the thesis. Most of these questions were mentioned in previous chapters;
they are collected here in order to indicate some possible directions for future research.

One of the new results described in the thesis is Corollary B30 on k-edge-connectivity
augmentation of hypergraphs by the addition of uniform hyperedges. This result followed
from Theorems B.14 and B.29, which addressed the more general problem of covering sym-
metric crossing supermodular set functions by uniform hypergraphs. The proofs included
an extension of the well-known splitting-off technique to hypergraphs. While the exis-
tence of a special splitting-off sequence was shown, it would be desirable to obtain a more
complete structural description of the feasible splitting-off operations. This might help in
dealing with problems with extra constraints, like augmentation with partition constraints,
or simultaneous augmentation of two hypergraphs.

For directed hypergraphs, the splitting-off method used in the proof of Theorem E.7 is
essentially the same as the one described by Berg, Jackson, and Jordén in [7]. Theorem
{.7 shows that if m;(V) < m,(V) then there is always a complete splitting-off preserving
k-edge-connectivity in V. However, this is not necessarily true if only digraph edges are
allowed as new edges. Therefore in this case it is natural to ask what is the maximum length

of a feasible splitting-off sequence. Berg, Jackson, and Jordan conjectured the following:

Conjecture 8.1. Let D = (V + s, A) be a directed hypergraph that is k-edge-connected
in V', and suppose that s is incident only with digraph edges and o(s) > 6(s). Then D
does not have a sequence of v feasible (1,1)-splittings at s if and only if there is a family
F ={X1,Xs,..., Xi} of pairwise co-disjoint subsets of V' for some 2 <t < 2y 4+ 1, such

that
t

S o(X0) < th (= 1)y —p— 1,

=1

129
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where p = min{y, [{sv € A: v ¢ N_ X;}}.

Let us return to undirected hypergraphs. We have shown in Chapter | how matroid-
theoretic tools applied on hypergraphic matroids can be used to prove results like Theorem
b.7 on the decomposition of a hypergraph into k£ partition-connected sub-hypergraphs. This
result in turn easily implies Theorem b.17 which gives a sufficient condition for the existence
of k edge-disjoint Steiner trees for W when V' — W is stable. Kriesell [63] conjectures that
2k-edge-connectivity in W is sufficient, even in the case when V' — W is not necessarily
stable. To date, no constant ¢ is known such that ck-edge-connectivity in W guarantees
the existence of k edge-disjoint Steiner trees.

Another open problem for graphs that is related to partition-connectivity is the con-
structive characterization of (k,[)-partition-connected graphs, i.e. Conjecture (.7. This
conjecture would follow from Conjecture on the constructive characterization of (k,1)-
edge-connected digraphs. Since by Theorem B.17] there is a similar relation between (k,[)-
partition-connectivity and (k, [)-edge-connectivity for hypergraphs, we might obtain similar
constructive characterizations for hypergraphs as well.

One of the exciting questions in graph connectivity orientation is the solvability of ori-
entation problems with parity constraints. Known results were cited in Chapter B; a basic
open problem is the characterization of graphs which have a strongly connected orientation
where the in-degree of every node is odd. Of course, similar questions can be asked for
hypergraphs.

A problem where the answer is known for graphs but not for hypergraphs is local edge-
connectivity orientation with symmetric demands. For example, no characterization is
known for hypergraphs which have a k-edge-connected orientation that is at the same time
l-edge-connected in a given subset W (I > k). For graphs, this problem is solved by Theo-
rem .4 of Nash-Williams, whose proof makes use of the basic properties of Eulerian graphs;
so it might be interesting to find an appropriate definition of “Eulerian hypergraphs” that
is useful in this context.

One can also extend orientation problems to mixed graphs and hypergraphs. Instances
where we obtain tractable problems are the framework of directed network design with ori-
entation constraints, introduced by Khanna, Naor, and Shepherd (an extended hypergraph
version is described in Theorem [6.14)), and Theorem [.5 of Frank. The latter can be seen
as a special case of the combined augmentation and orientation problem solved in Theorem
[[.13. This theorem gives a characterization for a degree-specified augmentation problem;

we do not yet know how to solve the corresponding minimum cardinality problem.
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Abstract

The objective of the thesis is to discuss edge-connectivity and related connectivity concepts
in the context of undirected and directed hypergraphs. In particular, we focus on k-edge-
connectivity and (k,[)-partition-connectivity of hypergraphs, and (k,[)-edge-connectivity
of directed hypergraphs. A strong emphasis is placed on the role of submodularity in the
structural aspects of these problems.

One area that is discussed extensively is connectivity augmentation. A min-max theorem
is given on the minimum number of v-hyperedges that have to be added to an initial
hypergraph to make it k-edge-connected. Analogously, we prove a formula on the minimum
number of (7, 1)-hyperarcs whose addition makes an initial directed hypergraph (&, [)-edge-
connected. These problems (and most others in the thesis) are studied in the general
framework of covering supermodular set functions.

We show that matroid techniques can be used in the description of (k,[)-partition-
connected hypergraphs. This notion also leads to connectivity orientation problems for
hypergraphs, and with these tools we prove characterizations of (k, [)-partition-connectivity
and (k,l)-edge-connected orientations. An application concerning edge-disjoint Steiner
trees is also given, as well as some new results on directed network design with orientation
constraints.

The thesis is concluded with the study of a new class of connectivity augmentation
problems, in which the aim is to add hyperedges to an undirected (or mixed) hypergraph
such that the resulting hypergraph has an orientation with specified connectivity properties.
A special case of the described results is a solution of the (k,[)-partition-connectivity
augmentation problem.

The above results are based on the papers [35], [36], [37], [61], and [62]. The thesis also

includes a new characterization of set functions defining base polyhedra.
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(")sszefoglalc')

A disszertdcié iranyitatlan és iranyitott hipergrafok vonatkozasdban foglalkozik kiillonbozé
élosszefliggbségi problémakkal, és ezekhez kapcsoldédo kiilonféle Gsszefliggdségi tulajdon-
sagokkal. Részletesen targyaljuk példaul iranyitatlan hipergrafok k-élosszefiiggdségét és
(k, 1)-particio-osszefiiggdségét, valamint irdanyitott hipergrafok (k,1)-élosszefiiggbségét. Ki-
emelten vizsgaljuk a szubmodularitas szerepét a feladatok strukturdlis leirasaban.

A dolgozatban targyalt egyik nagy teriilet az élosszefliggdség-novelési problémak témako-
re. Ezzel kapcsolatban bebizonyitunk egy minimax tételt azon uniform hiperélek minimalis
szamarol, melyek hozzdadasaval egy kiindulasi hipergraf k-élosszefliggové tehetd. Ira-
nyitott hipergrafok esetében pedig a (k,1)-élosszefiigg6vé néveléshez sziikséges minimalis
szamu uniform iranyitott hiperélt adjuk meg. FEzek a problémak, hasonléan a dissz-
ertdciéban szereplé eredmények zoméhez, belehelyezheték egy altalanosabb keretbe, és
leithatok szupermoduldris halmazfiiggvények fedésére vonatkozo feladatként.

Hipergréafok (k,[)-particié-Osszefiiggségérol megmutatjuk, hogy a tulajdonsag leirhaté
matroidelméleti modszerekkel, és ismertetiink egy Steiner-fakra vonatkozd alkalmazast.
Ugyanilyen tulajdonsagok jatszanak fontos szerepet hipergrafok iranyitasi probléméiban,
és ennek segitségével megadhato a (k, [)-partici6-Osszefliggd hipegréfok egy hatékony jellem-
zése.

A disszertacié utolsé részében élosszefliggdség-novelési problémak egy tjszeri osztalyat
vizsgaljuk. A cél itt egy irdnyitatlan vagy vegyes hipergaf novelése oly médon, hogy a
kapott hipergrafnak legyen eloirt osszefliggségi feltételeket kielégit6é iranyitasa. A leirt
eredmények specidlis esetének tekinthet6 a (k, [)-particié-osszefiiggéség novelési probléma
megoldasa.

A fent emlitett eredmények alapjaul a [35], [36], [37], [51], és [62] dolgozatok szolgalnak.
A disszertacio ezeken kiviil tartalmazza bazis-poliédert definialé halmazfiiggvények egy

ujszeri jellemzését is.
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